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Abstract   

In this paper we introduce the penalized CPD (PCPD) model where spatial penalization 

conditions are introduced in the estimation of the parameters of the model. By using the 

PCPD model, we suggest that there could be some implicit spatial dependence in PPPs, but 

the degree of dependence is determined by the data through the model estimation and more 

specifically, through the value of the smoothing parameter associated to the penalty term. 

The PCPD model is transformed into a mixed model which allows us to simultaneously 

estimate all the parameters in the model by using the restricted maximum likelihood 

criterion.  

The potential of the proposed methodology and the possible informative results are 

illustrated by estimating the PCPD model at the Basic Heading (BH) level using CPI data 

obtained by the Italian National Institute of Statistics (Istat). Moreover, the kriging method is 

used in order to overcome the lack of disaggregated price data at every desired location.  

Results show that the differences in levels of consumer prices across the various 

geographical areas are significant and offer support to notion of higher price levels in the 

Northern-Central region in comparison to prices in Southern regions.  

 

Keywords: Hedonic country product dummy models; Sub-national purchasing power 

parities; Spatial dependence; Spatial price indexes; Spatially penalized coefficients. 
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1. Introduction     

Spatial price indexes that measure the differences in price levels across countries or regions 

within a country are essential for comparing real income, standards of living and consumer 

expenditure patterns. At international level, Purchasing Power Parities (PPPs), which are 

basically spatial price index numbers providing measures of price level differences across 

countries, are compiled by the International Comparison Program (ICP), managed by the 

World Bank with the collaboration of the OECD, EUROSTAT and other regional 

organizations, and allow for cross-country comparisons of Gross Domestic Product (GDP) 

and its major aggregates, expressed in a common currency (World Bank, 2013).  PPP 

compilation is undertaken at two levels, viz., at basic heading (BH) level, which is defined as 

a group of similar well-defined goods or services, and at a more aggregated level. At BH 

level, price data are usually aggregated without weights to produce PPPs for various BHs 

which are then aggregated to obtain PPPs for higher level aggregates, such as consumption, 

investment and GDP.  

The importance of constructing sub-national PPPs has been acknowledged in literature for 

over two decades (Kokoski, 1991; Moulton, 1995; Kokoski et al. 1999, Aten, 1999).  In 

countries characterized by large territorial differences in consumer preferences as well as in 

quality of products and household characteristics, the calculation of sub-national PPPs can 

improve and/or serve as inputs for estimating regular major economic indicators such as real 

regional price comparisons, real income dimension and poverty estimates produced by 

countries (Dikhanov et al., 2011). 
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Growing interest and demand for spatial price comparisons at country level may also provide  

opportunities for ICP framework to be promoted at national level and for National Statistical 

Offices (NSOs) to integrate Consumer Price Index (CPI) and ICP activities1.  

To this aim adpting ICP concepts and methods for estimating sub-national PPPs acquires 

considerable importance (Capilit and Dikhanov, 2015).  

When reviewing international practices, it is important to note that even if several academics 

have been carrying out interesting experimental estimations of sub-national PPPs, up to now 

few countries have produced official indexes of spatial prices. More specifically, evidence of 

sub-national spatial differences in consumer price levels has been observed in large  

countries, such as Brazil (Aten, 1999), India (Deaton, 2003; Coondoo et al., 2004; Majumder 

et al., 2015),  Australia (Waschka et al., 2003; Mishra and Ray, 2014), the United States 

(Koo et al., 2000; Aten, 2005, 2006)  as well as in smaller countries like the United 

Kingdom (Fenwick and O’Donogue, 2003; Wingfield et al., 2005), Germany (Roos, 2006), 

the Philippines (McCarthy, 2010, Dikhanov et al., 2011), and Italy (Biggeri et al., 2008; 

Biggeri et al., 2016; Istat, 2008, 2010).  

The aim of this paper is to introduce a new methodology for calculating sub-national PPPs 

which is based on the stochastic approach to spatial price index number construction used by 

the ICP at BH level and uses price data collected by the NSOs for compiling CPIs. 

Various methods have been proposed for compiling sub-national household consumption 

PPPs, but to date, the stochastic approach based on the Country Product Dummy (CPD) 

model appears to be the most promising method when using data collected by the NSOs for 

compiling CPIs.  

                                                 
1 Moreover, regional price surveys conducted for computing the Spatial Adjustment Factors (SAFs) required by 
the Eurostat-OECD PPP program. 
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When constructing spatial price indexes within countries one of the main issues is to obtain 

price data from multiple sources and outlets which are representative of local consumption 

patterns and comparable on the basis of a set of prices determining characteristics (Biggeri 

and Laureti, 2010). Therefore CPIs, calculated by NSOs on a regular basis, are the most 

obvious source of price data even if the way in which these data are collected often 

complicates the estimation of spatial price differences. Products collected for CPI may not be 

comparable or representative across different areas, especially when the areas within a 

country differ in terms of climate, tastes and preferences. Moreover, price data is only 

usually collected in the main cities within a country and some municipalities may not be 

included in the CPI survey.   

In order to deal with the above-mentioned data issues arising from the quality variation of 

items across areas and from gaps in available price data, the CPD model has been used by 

various authors for incorporating quality adjustment in the estimation of PPPs for making 

regional price level comparisons at BH level (Aten, 2005, 2006; Dikhanov et al., 2011; 

Biggeri et al., 2016).  

Although few studies have been carried out on the problem of constructing PPPs at BH 

level, several authors have recently stressed the importance of obtaining reliable PPPs at the 

BH level because BHs are the foundations of overall comparisons (Deaton and Heston, 

2008; Hill and Hill 2009; Hill and Syed, 2014; Biggeri et al., 2016). The CPD model is the 

main method used by the ICP at the World Bank for aggregating price data at BH level2. 

Besides accounting for quality variations in the cross-area price data, CPD is a regression-

based econometric methodology that can be extended and generalized in order to provide a 

comprehensive framework for carrying out both international and intra-national comparisons 

                                                 
2 The OECD–Eurostat ICP program uses the Gini–Élteto–Köves–Szulc (GEKS) method in the first stage of 
PPPs computation. 
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(Kokoski et al. 1999; Hajargasht and Rao, 2010; Rao, 2005, 2013; Diewert, 2005). This 

literature is still expanding and a recent paper by Rao and Hajargasht (2016) further 

developed the CPD-based stochastic approach through the use of modern econometric tools 

including the method of moments estimation, M-estimators, estimation of nonadditive 

nonlinear models and by exploring different distributional specifications for the price 

observations thus offering a framework for the computation of standard errors for spatial 

price indexes. 

This study contributes to advancing the existing literature on the stochastic approach to 

spatial price indexes by suggesting a theoretical improvement to the CPD methodology. In 

order to account for spatial dependence among consumer prices we introduced spatial 

penalization conditions in the estimation of the parameters of the model.  

Indeed an issue that can frequently arise, when estimating sub-national PPPs, is to capture 

the spatial dependence which is inherent to consumer price levels. By focusing on 

methodological issues,  Rao (2004) drew attention to the effects of spatial autocorrelation 

and the adjustments required for the estimates, thus emphasizing the need to further explore 

the issue of spatial dependence when constructing spatial price indexes.  

Several researchers found that consumer prices are more similar for locations which are 

geographically proximate thus observing a significant positive correlation between the Low 

of One Price (LOP) deviations and distance (Engel and Rogers, 2001; Anderson and van 

Wincoop, 2004; Choi and Choi, 2014, 2016; Crucini et al., 2015). These spatial effects may 

reflect transport costs as well as local distribution costs, which are likely to be more similar 

between nearby locations if the distribution of goods is labor intensive and labor markets are 

geographically integrated (Choi and Choi, 2016).  
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However, in spite of theoretical interest, as yet few studies have been carried out to explore 

the issue of spatial dependence in consumer price index constructions and the empirical 

evidence of spatial correlation has only  been analyzed by Aten (1996) and Rao (2001) at 

aggregate national-level. Biggeri et al. (2016) were the first authors to explore this issue at 

sub-national level by estimating a CPD model with a spatial first order autoregressive 

process for the error terms in which the spatial weights matrix W is based on an economic 

distance. 

It is reasonable to assume that spatial dependence among prices is stronger across regions 

within a country than across countries, therefore it is important to bear this in mind when 

computing sub-national PPPs. In an integrated market, cross-sub-national spillovers make 

the main provincial or regional economic pillars (economic growth, consumer prices, 

unemployment rate, population growth, etc.) strongly interdependent. This fosters market 

integration and promotes economic growth, which in turn widens the market capacity and 

stimulates the mobility of production factors and the process of innovation diffusion, giving 

rise to new cross-sub-national spillovers (Ertur and Koch, 2007; Özyurt and Dees, 2015). 

In this paper we provide a significant contribution to addressing the effects of spatial 

dependence on the value of intra-national spatial price indexes by suggesting the Penalized 

Country Product Dummy (PCPD) model where spatial conditions are introduced through the 

penalization of the spatial price index differences of neighbouring areas within a country. 

Therefore, spatial dependence is not considered as substantive (the focus is not on 

discovering the form of spatial interaction) but as a nuisance. In other words, the focus is on 

obtaining proper statistical inference from the dependent data, and the main objective is to 

correct standard statistical procedures to fix the effect of the spatial dependence.  

The most commonly-used modification for avoiding the negative consequences of not taking 

spatial autocorrelation into account is to make adjustments that incorporate the spatial 
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autocorrelation in the error term of traditional hedonic models, which gives rise to the spatial 

error model (SEM) (see Anselin 1988, Cressie 2015). Penalizing the coefficients of the 

geographical variables is another promising alternative when dealing with CPD models.  

By using the PCPD model, we suggest that there could be some implicit spatial 

autocorrelation in spatial price indexes, but the degree of autocorrelation is determined by 

the data through the model estimation and more specifically, through the value of the 

smoothing parameter fine-tuning the penalizations imposed to the coefficients associated to 

geographical areas. The PCPD model is transformed into a mixed model which allows us to 

simultaneously estimate all the parameters in the model by using the restricted maximum 

likelihood (REML) criterion. This is the great statistical advantage of the PCPD specification 

with respect to the traditional penalized regression in the literature. 

The theoretical improvement to the CPD methodology we suggested will provide a 

comprehensive framework for carrying out intra-national comparisons using traditional price 

data collected by NSOs for computing official CPIs. In addition, new sources of data, i.e. 

scanner data, may be used which can be obtained from large-scale retail trade and are 

recently available in many countries.  

Moreover, in order to overcome the lack of disaggregated price data at every desired 

location, the kriging method is suggested with the aim of estimating the spatial price indexes 

for those geographical areas without price data. The corresponding estimates were therefore 

obtained by taking into account the spatial dependencies existing in spatial price indexes 

provided by the PCPD model from a geostatistical perspective. 

With the aim of illustrating the potential of the proposed methodology and highlighting the 

possible informative results, we estimated the PCPD model using real data obtained from the 

official CPI survey carried out in Italy. These data enable us to estimate spatial price indexes 
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for 7 BHs belonging to the most important CPI product group, namely Food and non-

alcoholic beverages, for the 19 Italian regional chief towns included in the 2014 CPI survey. 

Specific BHs within the Food and non-alcoholic beverages group were selected which are 

comparable by definition and do not require further specifications in addition to those 

already present in the basket. 

Kriging was used for predicting the PPP of the only area without data (Campobasso-Molise) 

on the basis of the spatial price indexes provided by the PCPD methodology.     

The rest of the paper is structured as follows. Section 2 presents the new methodology for 

estimating spatial price indexes or sub-national PPPs at BH level. Section 3 outlines the 

socio-economic characteristics of the Italian regions, including some relevant information on 

the data sets from the Italian CPI survey used for the empirical analyses and reports the 

estimation results. Finally the main concluding remarks are drawn in Section 4 and some 

future research lines are suggested. 

 

2. Methodology 

2.1 The CPD-based stochastic approach for constructing spatial price indexes 

The a-spatial CPD model is currently considered to be the principal method of aggregation 

under the stochastic approach to index number (Hajargasht and Rao, 2010) and it is widely 

used by NSOs thanks to its ability to deal with data issues arising from the quality variation 

of items across areas and from gaps in available price data for making spatial and temporal 

comparison using CPI and new sources of data (Kokoski et al., 1999; Aten, 2006; Dikhanov 

et al., 2011; Biggeri et al., 2016; Diewert, 2010; de Haan, and Krsinich, 2014). 

Let us assume that we are attempting to make a spatial comparison of prices between R areas 

at BH level (no expenditure weights are available for the price comparisons) and for each 

BH,  pnkr  denotes the annual price of product n in outlet k of area r (n = 1, 2,…N; r = 1, 2,…, 
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R; k = 1,…, Knr). The basic statistical model underlying the CPD method can be stated as 

Diewert (2004): 

nkr r n nkrp u    (1) 

where r  and n  are unknown parameters to be estimated from price data. The parameter 

r  is interpreted as the average level of prices (over all items in the BH) in area r relative to 

other areas included in the comparison while the parameter n  is to be interpreted as the 

average (over all areas) multiplicative premium that item n is worth relative to an average 

item in this BH. The disturbances nkru  are independently and identically distributed as 

random variables with mean equal to 1. Although disturbances in (1) may follow Lognormal, 

Gamma and inverse Gamma distributions, most of the studies implicitly make the 

assumption of lognormality for nkru . Model (1) is linear in logarithmic form: 

                                                        
ln ln ln ln

ln
nkr r n nkr

nkr r n nkr

p u

p a b

 


  
  

                              (2) 

where nkr are random disturbance terms which are independently and identically (normally) 

distributed with zero mean and variance 2 .  

Model (2) can be expressed as a regression equation for each price observation 

corresponding to product (or commodity) n in area r in outlet k where the independent 

variables are dummy variables. Therefore:   

*

1 1

ln ,
R N

nkr r r n n nkr
r n

p a D b D 
 

                                    (3) 

where, rD  are dummies for the areas and *
nD  are dummies for the type of product which 

take values 1 for area r and product n respectively and 0 otherwise, ,r na b  are the difference 

of (fixed) effects associated to the areas and products with respect to a specific reference.  
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Assuming that Z1, Z2, …, ZJ represent a set of quality characteristics, associated with each 

quotation, including information on the type of outlet and product brand, the hedonic CPD 

model estimates the following regression equation separately for each BH: 

*

1 1 1

ln
R N J

knr r r n n j j knr
r n j

p a D b D c Z 
  

          (4) 

where jc are the difference of (fixed) effects associated to the quality characteristics with 

respect to a specific reference. Parameters in model (4) can be estimated only after imposing 

a linear restriction. If ra  is expressed relative to a reference area R, which implies that 

0Ra  , then the purchasing power parity of area r is given by ra
rPPP e  where ra  is the 

difference between the coefficient associated to area r and the coefficient corresponding to 

the reference area. PPP for area r  shows the number of area r currency units that have the 

same purchasing power as one unit of currency of the reference area.  Model (4) generalizes 

the standard formulation developed by Summers (1973) in which missing ‘‘unmatched’’ 

prices are assumed to be randomly distributed. By using CPD formulation (4) the price 

variability is modeled right down to the level of the individual prices that are collected by the 

areas involved in the comparison (Diewert, 2004). Moreover, it is possible to include strictly 

non-comparable items when estimating sub-national PPPs by incorporating quality 

characteristics which will improve the efficiency of the estimates and remove potential bias 

also in the case of comparable products. 

We will refer to model (4) in the methodological section, but the same can be applied to 

other CPD strategies such as the CPD model based on averaged prices expressed by:

*

1 1

ln
R N

nkr r r n n nr
r n

p a D b D 
 

    . 
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2.  Spatial dependence in consumer prices when computing sub-national PPPs  

 

The stochastic approach to price indexes is also able to capture the spatial dependence which 

is inherent to consumer price levels. It is worth noting that the inclusion of area dummies in 

CPD models (3) and (4) leads to the so-called spatial fixed effects, which relates to a cross-

sectional setting (Anselin and Arribas-Bel 2013). However, this specification may not be 

capable to fully correct the presence of spatial dependence. Spatial patterns in consumer 

prices may arise from a combination of spatial heterogeneity and spatial dependence3 

(Anselin and Lozano-Gracia 2009). It is reasonable to assume that spatial heterogeneity may 

derive from spatially differentiated characteristics of demand, supply and retailers. Particular 

attention should be paid to this systematic variation in the behavior of economic agents 

across areas, since any model that imposes homogeneity will be misspecified. 

Positive spatial autocorrelation may appear when either the prices or characteristics of 

products that are purchased in adjacent areas are more similar to one another than the 

products that are purchased in more distant areas. Alternatively, spatial autocorrelation may 

also be due to measurement issues in explanatory variables, omitted variables and other 

forms of model misspecification (Baumont 2004).  

However, it is worth noting that spatial dependence and spatial heterogeneity are often 

difficult to distinguish in a cross-sectional setting. On the other hand, omitting substantive 

and nuisance spatial effects when they should be included results in model misspecification, 

and consequentially in biased and inconsistent estimates, and in biased estimates of standard 

                                                 
3 As outlined in Anselin and Lozano-Gracia (2009) ‘‘spatial dependence or spatial autocorrelation is a special 
case of cross-sectional dependence in which the structure of the covariation between observations at different 
locations is subject to a spatial ordering. This ordering is related to the relative positioning, distance or spatial 
arrangement of the observations in geographic space, or, more generally, in (social) network space. Spatial 
heterogeneity is a special instance of structural instability, which can be observed or unobserved. The spatial 
aspect of this issue is that spatial structure provides the basis for the specification of the heterogeneity. This 
may inform models for spatial structural change (referred to as spatial regimes), heteroskedasticity, or spatially 
varying and random coefficients’’. 
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errors in a traditional ordinary least squares (OLS) regression if the proper adjustments are 

not carried out. 

As yet only few studies have addressed the issue of spatial dependence in the computation of 

sub-national PPPs using a CPD framework and a spatial autoregressive error structure 

(Biggeri et al, 2016; Chakrabarty et al, 2017).  

By relaxing the assumption of independence of disturbances in (3) or (4) and by allowing for 

spatial dependence in the disturbances in the CPD methodology, it is possible to obtain the  

SEM-CPD hedonic model expressed as: 

*

1 1 1

ln ,
R N J

nkr r r n n j j nkr
r n j

p a D b D c Z 
  

             2,   0,nkr nkr nkr nkru u iidN    W   (5) 

From a theoretical viewpoint, by using a SEM-CPD hedonic model it is assumed that the 

unobserved neighborhood effects will be shared by products and services in the same area 

and lead to spatially correlated error terms.  

However, various model specifications and estimation methods may be suggested for 

incorporating spatial effects into the CPD specification (4).  

In this paper we propose using a data-driven spatial methodology, based on the penalization 

of neighbouring differences in PPPs, because it enables us to correct standard statistical 

procedures for the effects of spatial dependence if present.  

 

2.2 The penalized-CPD specification 

This paper extends the CPD methodology for computing PPPs by taking into account the 

spatial effects behind consumer price differences between areas within a country thus 

considering also the First Law of Geography: "Everything is related to everything else, but 

near things are more related than distant things” (Tobler, 1970). As outlined in the 

introduction, the spatial effects are considered as a nuisance in the inferential process and 
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therefore they are included in the CPD model by penalizing the geographical coefficients, 

thus resulting in a tradeoff between the fitting of the model and the roughness of the PPP 

variation in neighboring towns.  Thanks to this manipulation of the CPD model, the PCPD 

model is obtained. The penalization of neighbouring differences in PPPs has a clear 

economic rationale: although regional economic theory demonstrates that the LOP does not 

hold across regions (McCann, 2001) and there is significant and persistent geographic price 

dispersion even within a country where trade barriers are relatively low (Crucini et al, 2010; 

Engel and Rogers, 2001), several researchers observed a significant positive correlation 

between LOP deviations and distance (Anderson and van Wincoop, 2004; Choi and Choi, 

2014). Therefore, distance can be considered as a metric for market friction, so that price 

difference is greater between cities or geographical areas located farther apart. 

The PCPD approach has similar characteristics to the CPD methodology: (i) to be essentially 

an implementation of the hedonic approach accounting for the quality variations in price 

data; (ii) to provide a regression analysis-based econometric methodology for constructing 

multilateral price index numbers that accounts for the quality variations in cross-area price 

data; (iii) to be based on a stochastic formulation, which has the additional advantage that it 

enables us to use a range of econometric tools and techniques that are not generally used for 

computing PPPs.  

In order to introduce the PCPD strategy, when estimating model (4) the penalization: 

 
 

2

2 ,

R

r s
r s N r s r

a a
  

                  (6) 

is included. In the penalization term,  N r represents the number of neighbours of area r, 

and the squared differences of the coefficients ra  for all the possible combinations of 

neighbouring regions represent the penalty used to regain smooth spatial effects (reducing 
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the number of parameters), that is to prevent the coefficients of the neighbouring areas 

(regions within a country) from differing drastically from one another. It is important to note 

that, as the penalization itself is a restriction imposed to model (4), there is no need of 

imposing the traditional ANOVA restrictions (for example, the coefficient for a specific area 

is zero). In this way, the PPP of area r with respect to the reference area R must be computed 

as r Ra a
rPPP e  .  

However, the inclusion of a penalty for the difference in the PPPs of neighbouring areas is 

not the only way in which the PCPD differs from the hedonic CPD methodology. Another 

important difference is the estimation of the model: instead of using a least squares 

approach, namely the penalized least squares (PLS) criterion,  

     
 

2 2

1 2 ,

min ln ln
RNJ R

knr knr r s
rnj r s N r s r

PLS p p a a 
   

      , 

for which is essential to know the value of the smoothing parameter , we transform the 

PCPD model into a mixed model and then we use the restricted maximum likelihood 

(REML) criterion. We do not use maximum likelihood (ML) estimation because it does not 

take into account the degrees of freedom used when estimating the fixed effects, thus 

resulting in biased estimates. However, REML estimation explicitly accounts for this loss of 

degrees of freedom. In this respect, it is worth mentioning that in model (4) the reduction in 

the number of degrees of freedom occurs via the constraint imposed to the penalization 

matrix instead of the usual linear constraints used in traditional ANOVA. 

It is worth noting that this reparameterization does not require the knowledge, or the external 

determination of the smoothing parameter with procedures based on the optimization of a 

cross-validation method or an information criterion, but it is estimated together with the 

other parameters in the PCPD model. This data-driven method to set the smoothing 
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parameter which tunes the penalty term used in the PCPD strategy is a great statistical 

advantage with respect to traditional penalized regression or ANOVA methodology in the 

literature and makes the procedure attractive.   

Focusing on the estimation process of the PCPD model (4), we first rewrite it using matrix 

notations:  

 2ln , , ,N    *p Ma D b Zc ε ε 0 I  

where, according to Farhmeir et al. (2013) in order to include the PCPD approach within the 

scope of the general penalization methods, M is a geographic design matrix created as 

follows:   

 
1 if the observation  corresponds to area 

,
0 otherwise

i r
i r


 


Μ , 

*D  is a matrix including the dummies for the type of product and Z another matrix whose 

columns are the variables representing the set of quality characteristics associated with each 

quotation. ,a b and c are the vectors of coefficients associated to these matrices. 

For the sake of simplicity we collect all the non-penalized parameters in vector
 
 
 

b

c
, which 

now corresponds to the extended matrix  *D Z . As a result, model (4) is expressed as:  

   * 2ln , , ,N 
 

   
 

b
p Ma D Z ε ε 0 I

c
  

Then, in a second step, the penalization term (including the smoothing parameter) is also 

expressed in matrix notations, as a quadratic form, as follows:  

 
 

2

2 ,

R

r s
r s N r s r

a a 
  

   a Ωa ,    (7)  
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with  
 

1 ,  and  are neighbours

, 0 ,  and  are not neighbours

  

r s r s

r s r s r s

N r r s

 


 
 

Ω     , 

Ω  being known as the penalty matrix (whose rows sum up zero). Unlike the case of 

empirical applications with continuous covariates, where Ω  results from the second order 

differences matrix, in the case of dummy covariates indicating the geographical area in 

which the prices are collected, we use a neighbour-based matrix so that the differences 

between the coefficients corresponding to close areas are more penalized than those 

corresponding to distant areas. It is important to note that the greater the difference between 

the parameters corresponding to neighbouring areas, the greater the increase in the penalized 

least squares criterion. However, this penalization do not strictly mean that close areas must 

have similar PPPs. We leave the data to inform us about whether PPPs of close areas are 

similar or not through the estimation of the smoothing parameter together with the other 

parameters in the PCPD model. 

To this aim the PCPD model is transformed into a mixed model. As already mentioned 

above, in this way the parameter can be estimated together with the rest of the parameters 

of the model. In fact, a proper reparameterization of the vector of geographical coefficients a 

(these coefficients are the only that are subject to penalization) transforms model (4) into a 

mixed model in which   is included in the covariance matrix of the random effects, so that 

it can be estimated jointly with the remaining parameters of the model. It is worth noting 

that, according to the definition of  ,r sΩ , vector a follows a Markov random field (more 

specifically a Gauss-Markov random field, since Gaussianity is assumed), because the 

conditional distribution of  any coefficient included in it, given all the others, depends only 

on its neighbours (see Rue and Held, 2005, for details). The connection between models with 

penalized coefficients and mixed models is described in the Appendix.  
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The above mentioned reparameterization is as follows:    

 a Xδ Qα , 

where the matrices X and Q are chosen in order to rewrite the penalty a Ωa as α α , so that 

the penalization, whichever is Ω , is only expressed in terms of a vector of independent and 

identically distributed vector of random effects α (  2N , α 0 G I ); δ can then be 

considered as a vector of fixed effects. This enables us to separate the density into a non-

informative distribution for the fixed effects and a non-singular normal distribution with a 

normalized density for the random effects, whichever it is the penalization approach. The 

above objective requires X and Q to verify: 

(i)  ,X Q is of full rank to yield a one-to-one transformation.  

(ii)  X Ω 0 , that is, δis not penalized. 

(iii)  Q ΩQ I , so that α is a vector of independent and identically distributed vector of 

random effects. 

In effect, the verification of (i)-(iii) implies that: 

   

 


 

 
 

   

 
 
             

 
 

0

δ X ΩQα I0 0

a Ωa Xδ Qα Ω Xδ Qα

δ X Ω Xδ δ X ΩQα α Q ΩXδ α Q ΩQα α α
   

As a consequence of the above re-parameterization, model (4) can be rewritten as: 
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2* 2 2
2

2* 2 2
2

ln , , , , ,

ln , , , , ,

N N Appendix

N N Appendix

   

   

 
     

 
 

     
 

b
p M Xδ Qα D Z ε ε 0 I α 0 I

c

b
p Γδ ψα D Z ε ε 0 I α 0 I

c

 

 

where matrix  *D Z  can be inserted in an extended matrix Γ (denoted with an asterisk), 

so that 
 
 
 

b

c
 extends δ(its extension also denoted with an asterisk). In such a case,  

     2* * 2 2
2ln , , , , ,N N Appendix      p Γ δ ψα ε ε 0 I α 0 I   (8) 

*Γ can also be extended with an unitary column corresponding to the intercept. 

After this reparameterization process we can apply mixed models methodology to estimate 

not only the fixed and random effects but also the variance parameters and, as a 

consequence, the smoothing parameter . This is a very relevant advantage with respect to 

the penalized least squares approach, where  should be externally determined. 

The only pending question is the determination of matrices X  and Q . As for X , its 

orthogonality to Ω  can be achieved by using a basis of the null space of Ω  for the columns 

of X . As for Q , it can be obtained from the spectral decomposition of Ω . According to such 

a decomposition,  Ω PΛ P , with Λ being a diagonal matrix whose diagonal elements are 

the non-null eigenvalues of Ω  and P a matrix whose columns are the orthonormal 

eigenvectors corresponding to such non-null eigenvalues. 

Then Q  can be defined as   1L L L , with 
1

2
L PΛ . In doing so,    Ω PΛ P LL and 

       1 1 1 1            Q ΩQ L L L ΩL L L L L L LL L L L I . 

Once the PCDP model is expressed as a mixed model, all the parameters of the model, that 

is, * 2,δ  and   can be estimated by REML (see Montero et al., 2012, for details). The 

expression of the restricted log-likelihood of 2  and , concentrated on *δ , is as follows: 
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 2 * 1 * * * 1 * *1 ˆ ˆlog ( , ) log log (ln ) (ln )
2

T
RL         V Γ V Γ p Γ δ V p Γ δ , 

with 2 2
n  V ψψ I  and * * 1 * * 1ˆ ( ) ln  δ Γ V Γ Γ V p .  

2  and are estimated using the optimization procedures implemented in BayesX library. In 

addition using the Henderson equations, the random effects can also be estimated,

 2 1 * *ˆˆˆ ˆ ´ ln ,  α ψ V p Γ δ with 
2

2 


 , which allows for the estimation of vector of 

coefficients a in model (4), so that all the parameters in such a model have been estimated at 

the same time. 

Finally, a note of caution with respect to expected prices ( rae in case of a CPD model with 

only the areal factor). It is important to note that, given , model (4) is a fixed effects model, 

as it is model (1). It is well known that in log-regression models, ln  y Xβ ε , with errors 

following a Gaussian distribution, for a set of values  11, , px x x   the rth moment 

with respect to the origin is given by

2 2

2 , 0,1,2,
r

r

rM e r
 

 
x β

. Consequently, the ML 

estimator of such a moment is 

2 2ˆˆ
2ˆ , 0,1,2,

r
r

rM e r
 

 
x β

, where β̂ and 2̂ are the MV 

estimators of β  and 2 . As stated in El-Shaarawi and Viveros (1997), typically ˆ
rM will 

exhibit some bias as an estimator of rM . This bias usually depends on 2  and could be 

substantial, particularly when 2 is large. 

Under a lognormal regression model, El-Shaarawi and Viveros (1997) proposed the 

following “less biased” estimator of rM : 
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that, in the case of r =1, reduces to: 

 
     

2 2 2 4
1

2

ˆ ˆ ˆ ˆˆ 1
2 2 2 3

1

ˆ̂ n p n pM E e

     
      

   
x β x X X x

y  

In our case, where y p ,  *| |X M D Z and  | |β a b c , given the small value of 2̂

and the large value of n the bias correction is negligible. 

 

2.3. Kriging estimation of PPPs for areas with missing data 

Kriging, the prediction procedure used by geostatistics, is suggested to predict the PPPs of 

the areas without data on the basis of the PPPs provided by the PCPD methodology. 

Let      2, , , RX X X1s s s  be the PPPs of the R areas resulting from the PCPD model (or 

whichever method). Let them be geographically represented by their centroids, 1 2, , , Rs s s , 

where is is a pair of coordinates (longitude and latitude). Subsequently, the purpose of the 

geostatistical paradigm is to predict, in this case, the PPP of an area whose centroid is 

represented by 0s , for which data are not available, on the basis of the PPPs of the 

neighbouring areas. In addition, Tobler’s First Law of Geography applies, which in the 

geostatistical case results in the following predictor: 

0
1

ˆ ( ) ( )
R

i i
i

X X


s s , 

where the weights, i , are obtained so that the predictor is optimal in the sense of 

unbiasedness and minimum variance of the prediction error. In the context of spatial 
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autocorrelation (usually positive autocorrelation),  the closer an area to the prediction area, 

the higher the influence of the PPP of this area in the predicted PPP for the area without data. 

In the event that the stochastic process governing the variable under study is non-stationary, 

as it is for the PPPs of the Italian areas considered in this study, a process of this kind is 

assumed to have a drift rather than a constant mean, and the vector of weights used to obtain 

the PPP of the prediction area is provided by the Universal Kriging (UK) equations instead 

of the traditional Ordinary Kriging (OK) equations (see Montero et al., 2015, for details): 

0

0

( )

0 0
1 1

( )

0
1

( ) ( ) ( ), 1,..., ( )

( ) ( ), 1,...,

n p

j e i j h h i e i
j h

n

i h i h
i

f i n

f f h p

   



 




     



   

 



s

s

s s s s s s

s s

, 

where 0( )n s indicates the number of neighbouring areas (to the prediction area) entering in 

the prediction process (since the stochastic process governing the Italian PPPs is not 

stationary, all of the areas do not necessarily enter in this process), 
1

( )
p

h h i
h

f

 s  represents the 

local expression of the drift in the surroundings of the area whose centroid is is , 

 ( ), 1,...,hf h ps  are p linearly independent known functions (more specifically, they are 

monomials of the coordinates), ha  are constant coefficients obtained with moving 

neighbourhoods that can differ from a neighbourhood to another, and p is the number of 

terms employed in the drift. e  represents the semivariogram (the instrument geostatistics 

generally employs to capture the spatial dependencies present in the data) of the residuals 

obtained by subtracting the estimated value of the drift (which is not explicitly estimated) 

from the observed values (the PPPs provided by the PCDP model). Finally, since the 

residuals are assumed to be stationary, 
i js s is the distance between two areas in the 
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neighbourhood of the prediction area, and 0i s s  is the distance between the prediction area 

and an area in its neighbourhood. 

Since e is generally unknown, we have addressed this problem assuming that X e  , which 

is a reasonable assumption when the moving neighbourhoods considered in the prediction 

process are small, because in this case the drift can only undergo small changes. 

The UK prediction variance is given by:  

0( )

0 0 0 0
1 1

ˆ ( ) ( ) ( ) ( )
n s p

i e i h h
i h

V X X f 
 

       s s s s s . 

 

3. An application on Italian CPI data 

3.2 Socio-economic characteristics of Italian regions 

The second territorial level of the Nomenclature of territorial units for statistics (Nuts2) 

divides Italy into 19 regions and the two autonomous provinces of Trento and Bolzano, 

which make up the Trentino-Alto Adige region4.  

The Italian regions vary widely in terms of population, surface area and socio-economic 

characteristics. Italy has a dualistic economy with all Southern regions attaining a lower 

level of per capita income than the Central and Northern regions on average. Compared to 

other OECD countries, there is a broad spectrum of regional differences in income and jobs 

in Italy: in 2013, 50% of households in the South and the Islands received less than 20,188 

euro (approximately 1,682 euro per month) while on national average half of the resident 

households perceived a net income below or equal to 24,310 euro per year (approximately 

                                                 
4 More specifically, Italy is subdivided into the following 20 regions, each of which has its own regional chief 
town (specified in brackets): Aosta Valley (Aosta),  Piedmont (Turin), Liguria (Genoa), Lombardy (Milan),  
Adige Trentino-Alto Adige (Trento), Veneto (Venice), Friuli-Venezia Giulia (Trieste), Emilia-Romagna 
(Bologna), Tuscany (Florence), Umbria (Perugia), Marche (Ancona), Lazio (Rome), Abruzzo (L'Aquila), 
Molise (Campobasso), Campania (Naples), Apulia (Bari), Basilicata (Potenza), Calabria (Catanzaro), Sicily 
(Palermo), Sardinia (Cagliari). 
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2,026 euro per month). In 2014, unemployment rates ranged from 3.9% in Trentino Alto-

Adige to 15.4% in Calabria.  In the same year, the South and Island areas were the areas of 

the country with the highest risk of poverty or social exclusion, affecting a little less than 

half of the population. The worst poverty rates were observed in Calabria and Basilicata 

(almost a third of households), while the lowest rate was found in Trentino-Alto Adige. In 

2015, households in Northern Italy spent more than households in the South and the Islands. 

In fact, the highest expenditure was observed in the North-west (2,836.32 euros per month), 

approximately 1,000 euros more than the average expenditure in the Islands (1,891.78 per 

month). 

Regarding consumer price differences across regions, it is worth noting that Italy is one of 

the few countries that have carried out official experimental sub-national PPP computations.  

For many years Istat has focused on the issue of comparing consumer prices across the 

various geographical areas and in particular across the 20 Italian regions. The latest results of 

the experiment carried out by Istat in 2009 showed significant differences in the level of 

consumer prices across the regional capital cities (Istat, 2010). Consumer price levels in the 

Northern cities are generally higher than those in the Centre and especially in Southern Italy. 

Bolzano (105.6) and Milano (104.7) showed the highest prices compared with the Italian 

average (100) while the less expensive city proved to be Napoli (93.8). 

The sub-national PPP results obtained from these analyses have encouraged Istat to confirm 

the project of producing spatial indices of consumer prices at regional level on a regular 

basis. 

3.2 Data 

With the aim of exploring the potentialities of the suggested PCPD model we used data 

collected for computing Italian CPIs in 2014. As reported in Table 1, we selected seven BHs 
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(groups of products) belonging to the Food and non-alcoholic CPI group, which accounts for 

16.5 % of household final monetary consumption expenditure. More specifically, we 

considered fresh meat, all fresh fish species, all the different varieties of fresh fruit and 

vegetables, weighing approximately 30.3 % of the Food and non-alcoholic beverage group 

and 5.2 % of the entire basket, as they are comparable by definition and do not require 

further specifications in addition to those already present in the basket. By choosing these 

products, the spatial price indexes of the products compared should not be biased by 

dissimilarities among products, thus enabling us to analyse the performance of PCPD models 

based on individual price quotes and average prices. Only the ‘‘Beef’’ group of products 

includes different varieties that cannot be considered in the PCPD estimation process 

because they are not coded a priori and the data collectors usually select specific elementary 

items and specify the variety. Therefore in this case we have a ‘‘loose’’ product description 

and a weaker comparability.  

[TABLE 1] 

There is a large degree of product overlap among the 19 regional chief towns considered in 

the 2014 CPI survey even though the varieties available in the various markets may vary due 

to distinct consumption patterns of each of the regions. Therefore, the total number of 

monthly price quotes in the dataset was 218,228. Starting from this detailed information, we 

constructed annual average prices for the various products considered in the CPI survey 

following two different procedures. Firstly we considered individual price quotes with the 

specification of the kind of outlet in which the prices are collected but without taking the 

location of the outlet within the regional chief town into account. As there are multiple 

quotes for all the observations and considering the loose specification for ‘‘Beef’’ products, 

the annual data set contains approximately 5,000 unique individual price observations, each 

identified by outlet type (traditional, modern, hard discount and other), item code and 



25 
 

geographic area. This database will be used for estimating the PCPD with individual prices.  

Secondly we aggregated the individual price quotes by computing the geometric means of 

prices across the various outlets in each regional chief town, thus obtaining a synthetic value 

of the price of the goods sold in the various outlets. This database will be used for estimating 

the PCPD with average prices.   As already mentioned, the main limitation of the Italian CPI 

survey is the sampling design, which is limited to the regional chief towns. Moreover, some 

of these towns may be excluded from the CPI survey due to the quality of the price data 

collected.  

Figure 1 shows the regional chief towns considered in CPI computations for 2014. As we 

can see, Reggio Calabria, which is the regional chief town of Calabria, has been replaced by 

Catanzaro, while Campobasso, the regional chief town of Molise, was not included in the 

survey due to organizational issues. Therefore, Kriging (see subsection 2.2.) was used in 

order to estimate the PPP for Molise.   

 

[FIGURE 1]  

 

 

3.3 Estimation results 

Table 2 shows the PPP estimates with reference to Rome=100 for the 7 BHs concerning the 

20 Italian regional chief towns in 2014 using the PCPD model based on individual price 

quotes and thus taking the kind of outlet in which price of products are collected into 

account. Table 3 reports sub-national PPPs estimated using the PCPD specification based on 

average prices. Figure 1 shows the estimates of the coefficients of model (4) with the 
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penalization term (6) after reparameterization (8) based on individual price quotes, while 

Figure 2 illustrates coefficient estimates using average prices5. 

On examining the graphs and tables we can see that the PCPD model confirms large 

differences in price levels among regional chief towns, with higher prices observed for the 

various BHs in most (but not all) of the Northern regions than in Rome. More specifically, 

price level differences emphasise the well-known division between the Northern and 

Southern regions. Most of the towns located in the Centre – North of Italy are ‘‘more 

expensive’’ than Rome for most of the BHs considered in our analysis.  

With the aim of comparing the PCPD results with those obtained in a CPD model without 

penalty, we estimated a basic hedonic CPD model for the 7 BHs. We also estimated a SEM 

specification of the CPD with and without geographical areas to check for spatial effects in 

consumer prices and then to verify if the inclusion of areal dummies in CPD model (4) is or 

not sufficient to account for these spatial effects. Table 4 reports estimation results for 

“Fresh or chilled Vegetables” and “Fresh, chilled or frozen fish and seafood” while Tables 5,  

6 and 7 show spatial price indexes and estimation results from the various model 

specifications for all the BHs.  

It is worth noting that when geographical areas are not included in the spatial specifications 

(SEM in Table 4 and Table 6) the lambda coefficient is very high and equal to 0.52 for the 

“Fresh or chilled Vegetables” BH and 0.55 for the “Fresh, chilled or frozen fish and 

seafood” BH, thus indicating that spatial effects are important when explaining consumer 

prices. However, when the dummies for geographical areas are included (Model 5 and Table 

7), then λ=0 demonstrating that the geographical dummies are able to capture the spatial 

                                                 
5 It is worth noting that we evaluated the extent of the bias of ˆ

r  as an estimator of r  used for obtaining sub-

national PPPs. As in our case the value of 2̂  is small and n is very large, the bias correction is negligible. 
Regarding the “Beef” BH and considering the cities for which we found the greatest bias corrections, we 
obtained 1.001499 for Ancona and 1.001362 for Naples by means of using the “less biased” estimator 
suggested by El-Shaarawi and Viveros (1997). 
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effects related to the prices, thus the spatial fixed effect seems to effectively correct for the 

presence of spatial correlation and improve the diagnostic statistics. 

Therefore, spatial effects matter and must be taken into account when estimating sub-

national PPPs. The best way to account for spatial effects is to insert a penalization in the 

CPD model as in this way spatial effects can be considered substantive, and therefore 

geographical dummies are included in the set of explanatories, and also as a nuisance, thus a 

penalization in the coefficients of the geographical variables is imposed in order to obtain 

better (and more realistic) inferences. Theoretical and practical reason justify the PCPD 

model. Indeed, the economic theory supports the idea that prices do not change abruptly 

from one region to neighboring regions and penalizing the coefficients of the geographical 

areas may mitigate the effect of having few observations in some BHs and regions thus 

reducing the standard errors of estimates. 

Moreover, it is important to note that the results obtained with our new methodology, in 

which spatial effects are taken into account by penalizing the PPP differences of 

neighbouring spatial units, provide an overall insight of sub-national PPPs which is more 

coherent with our expectations than those obtained using a SEM-CPD model. The PPP 

estimates obtained with both methodologies are very similar, but the PCPD strategy amends 

some of the unexpected and peculiar results provided with the SEM-CPD concerning, 

especially concerning the high value of the PPP for “the “fresh, chilled or frozen fish and 

seafood” BH showed by Palermo (Table 4). 

 

[TABLE 2] 

 

[FIGURE 2] 
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[TABLE 3] 

 

[FIGURE 3] 

 

[TABLE 4] 

 

By referring to the results obtained from the PCPD model based on individual price quotes, 

it is clear that price differences in the various BHs show different spatial patterns (Table 2 

and Figure 2).  The PPP values for Beef range from 74.3 for Cagliari to 110.5 for Torino. 

Genova (110.3), Aosta (108.9) and Ancona (106.5) are the next highest regional PPPs.  

Palermo (75.13) and Catanzaro (80.9) are the regional chief towns with lower prices than 

Rome for Beef.  

The difference for Fresh or chilled vegetables is much wider: Milan (138.13) is the most 

expensive chief town while Catanzaro is the cheapest (79.53). Milan also appears to be the 

regional chief town with the highest prices for Fresh or chilled fruit and Fresh, chilled or 

frozen fish and seafood.  

Regarding the estimation results from the PCDP model applied to average prices without 

including the type of outlets where products are sold, Figure 3 illustrates the coefficient 

estimates while Table 3 reports the PPPs for the various regional chief towns with respect to 

Rome=100. As we can see, the relationships between price levels in each of the 20 Italian 

regions are reasonably consistent for each product group. 

The overall picture changes slightly with respect to the PCPD model based on individual 

price quotes. Milan proved to be the regional chief town with the highest prices for Fresh or 

chilled fruit, Fresh, chilled or frozen fish and seafood and Fresh or chilled vegetables.  
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The Southern regions show lower prices than Rome especially for Fresh, chilled or frozen 

fish while Sicily shows higher prices than Rome for the BHs regarding pork, fruit and 

vegetables. 

 

4. Concluding Remarks 

Over the years the CPD methodology has undergone immense theoretical improvements and 

is now considered to be the principal method of aggregation under the stochastic approach to 

price index number construction. However, in spite of theoretical interests, until now few 

studies on spatial dependence in consumer price index constructions have been carried out.  

This paper marks a departure from previous literature on sub-national PPPs by proposing a 

new CPD methodology for calculating spatial price indexes according to the stochastic 

approach. This new CPD methodology takes account of spatial dependencies in a non-

explicit way by penalizing the PPPs differences of neighbouring spatial units thus providing 

a smooth map of spatial price indexes. The PCPD model admits the representation as a 

mixed model, which allows for the simultaneous estimation of all the parameters of the 

model (including the smoothing parameter which tunes the penalty term), instead of 

estimating the smoothing parameter externally via cross-validation or information criteria.  

The usefulness and potentialities of this approach are illustrated by estimating the PCPD 

model (4) using real data obtained from the official CPI survey carried out in Italy in 2014. 

We selected 7 BHs within the Food and non-alcoholic beverages group by referring to the 

comparability and representativity requirements. 

We also analyzed to what extent the type and characteristics of the data affect the estimates 

obtained with CPI data. To this aim, the PCDP model is estimated by using individual price 
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quotes, which allow for the introduction of information on the kind of outlets where products 

are sold, as well as using average prices (across outlets) for each product in all areas. 

The principal findings reported in this paper have several implications for the computation of 

sub-national PPPs, especially with respect to the choice of an appropriate method for dealing 

with data issues arising from the quality variation of items across areas and gaps in the 

available price data in all areas within a country. This would pave the way for integrating 

CPI and ICP activities carried out by the NSOs. 

The differences in levels of consumer prices across the various geographical areas do not 

seem to be negligible and illustrate the well-known division between the Northern-Central 

and Southern regions. A particular advantage of PCPD model in respect to the CPD model 

with spatially correlated errors is that it provides us with valuable insights into sub-national 

PPPs which are more coherent with expectations and socio-economic differences between 

the two Italian macro-areas (Central-Northern and Southern Italy). 

Therefore it is essential to provide estimates of sub-national PPPs with the aim of helping 

policy makers to define economic strategies and make decisions. 

The results obtained from this study provide a basis for further statistical developments in 

the estimation of PPPs, including the possibility of substituting the areal effects in the 

traditional CPD models with a spatial drift based on the spatial coordinates representing the 

various areas under study and the specification of spatial econometric models accounting for 

spatial autocorrelation and spatial heterogeneity, which also include non-parametrically-

specified smooth functions of some predictor variables to account for non-linear 

relationships between those predictors and the response. Finally, it may be interesting to 

extend these models to the spatio-temporal context. 
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Appendix: Connection between penalized models and mixed models. 

The connection between penalized strategies and mixed models arises from the similarity of 

the penalized fitting criterion to the maximization issue that produces the mixed model 

equations and estimates for *δ  andα .  Let us consider the mixed model (2) where both the 

variance-covariance matrix of the random effects and the variance-covariance matrix of the 

errors have been substituted with more general known matrices G and R, allowing for 

correlated random effects and errors, respectively: 

   * *ln , , , ,N N  p Γ δ ψα ε ε 0 R α 0 G   

The marginal and conditional-to-α  distributions of lnp are respectively: 

 * *ln , ,N  p Γ δ V V R ψGψ , 

   * *ln ,N p Γ δ ψα Rα  . 

Consequently, the likelihood and log-likelihood functions of both the fixed and random 

effects (proportional to the joint density of both lnp andα ) are as follows: 

     

     

*

*

ln, ,

lnln , ln ln .

L L L

L L L



 

pδ α αα

pδ α αα

 

and, under the assumption that R and G are known, 

     * * * 1 * * 11 1
ln , ln ln

2 2
L c         δ α p Γ δ ψα R p Γ δ ψα α G α . 

with c being a constant. 
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The maximization of  *ln ,L δ α with known R and G results in the Henderson equations: 

 1 * *ˆˆ ´ ln , α Gψ V p Γ δ  

* * 1 * * 1ˆ ( ) ln .  δ Γ V Γ Γ V p  

However, it is important to note that the maximization of  *ln ,L δ α  with known R and G is 

equivalent to the minimization of a penalized model criterion with an externally determined 

penalization parameter , where the parameters included in αare penalized via matrix G.  

In the mixed model representation of PCPD models, 2R I and 2G I . In such a case, 

     * * * * *
2 2

1 1
ln , ln ln

2 2
L c

 
       δ α p Γ δ ψα p Γ δ ψα α α . 

But maximizing the above log-likelihood with respect to *δ  and α  is the same as 

maximizing:  

      

   

* 2 * * * *
2 2

2
* * * * *

2

1 1
ln ln , ln ln

2 2

1
ln ln .

2 2

L c

c


 




         
 

       

p α p Γ δ ψα p Γ δ ψα α α

p Γ δ ψα p Γ δ ψα α α

, 

which is equivalent to minimize the penalized least squares criterion in equation (2): 

   * * * * 1
ln ln

2
Q       p Γ δ ψα p Γ δ ψα α α , 

with 
2

2




 . In practice, 2 and 2 (G and R in general) are unknown, as   is  in penalized 

models. Taking as a starting point the marginal distribution of lnp, the corresponding log-

likelihood, up to additive constants, is: 

        * 2 2 2 2 * * 1 2 2 * *1
ln , , ln , ln , ln .

2
L            

 
δ V p Γ δ V p Γ δ  
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The maximization of  * 2 2ln , ,L  δ with respect to *δ , ( 2 and 2 holding fixed) 

results in:           
1

* 2 2 1 2 2 1 2 2ˆ , , , ln     


   * * *δ Γ V Γ Γ V p . 

Inserting  * 2 2ˆ , δ in  * 2 2ln , ,L  δ we have the profile log-likelihood: 

           2 2 2 2 * * 2 2 1 2 2 * * 2 21 ˆ ˆln , ln , ln , , ln , .
2PL                
 

V p Γ δ V p Γ δ

The maximization of  2 2ln ,PL   with respect to the variance components 2 and 2

provides the maximum likelihood estimates of such components (see Farhmeir et al., 2013 

and the references therein).  

However, the ML estimates are biased because ML does not take the loss in the degrees of 

freedom into account due to the estimation of the fixed effects. This is why the estimation of 

2 and 2 is performed using REML. As is well known, the relationship between the 

logarithm of the likelihood and the logarithm of the profile likelihood is as follows (see 

Harville, 1974, for example): 

     2 2 2 2 1 2 2 *1
ln , ln , ln ,

2R PL L        *Γ V Γ . 

The maximization of  2 2,RL   with respect to the variance components provides their 

REML estimates. For this purpose, the numerical optimization procedures included in the 

library BayesX can be used (Umlauf et al., 2015; Belitz et al., 2015). 
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Table 1. List of Basic headings, number of products and monthly price quotes  

BH Description 

Num. of 
products in 
CPI survey 

Num. of 
price quotes 

11.01.13.1 Fresh, chilled or frozen fish and seafood 29 55,276 
11.01.16.1 Fresh or chilled fruit 73 64,655 
11.01.17.1 Fresh or chilled vegetables other than potatoes 90 63,917 
11.01.12.1 Beef and veal 4 16,884 
11.01.12.2 Pork 2 8,424 
11.01.12.3 Lamb, mutton and goat 1 3,552 
11.01.12.5 Other meats and edible offal 2 5,520 

Total 201 218,228 
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Table 2. Sub-national PPPs for the 20 Italian regional chief towns (Rome = 100) using the PCPD model on individual price quotes 

Beef Other meats  Pork Lamb, mutton and 
goat  

Fresh or chilled 
fruit 

Fresh or chilled 
vegetables  

Fresh, chilled or 
frozen fish and 
seafood 

Region Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. 

North              

Aosta 108.98 * 109.97 * 109.20 * 97.63   118.65 *** 120.44 *** 94.84   

Torino 110.52 ** 106.93 ** 102.63   101.21   103.56 *** 101.82   101.31   

Genova 110.30 ** 103.05   99.40   99.10   108.87 *** 106.93 *** 97.82   

Milano 95.60   107.14 * 98.61   100.30   132.98 *** 138.13 *** 124.36 *** 

Trento 97.34   107.79 * 90.39 ** 99.90   120.32 *** 116.18 *** 93.43 * 

Venezia 103.36   107.36 * 97.63   105.13   118.06 *** 112.98 *** 77.65 *** 

Trieste 105.34   118.06 *** 100.60   112.41 ** 116.07 *** 117.12 *** 91.67 *** 

Bologna 103.25   104.92   101.01   101.71   120.92 *** 118.41 *** 84.03 *** 

Centre              

Firenze 98.02   100.00   98.41   100.90   108.87 *** 98.71   98.31   

Ancona 106.50 * 102.12   102.84   104.60   115.26 *** 107.25 *** 87.63 *** 

Perugia 103.77   96.95   100.00   104.81   106.40 *** 98.51   111.40 *** 

South and Islands              

L'Aquila 102.84   104.19   101.82   99.90   92.22 *** 88.25 *** 85.90 *** 

Campobasso 94.65 * 98.02   98.22   97.24   92.22 ***  87.99 ***  84.28 ***  

Napoli 87.28 *** 95.50   94.84   93.05 * 91.94 *** 83.28 *** 77.96 *** 

Potenza 82.37 *** 91.58 ** 92.04 ** 89.32 *** 87.28 *** 84.45 *** 74.83 *** 

Bari 89.49 ** 92.87   96.27   96.18   85.47 *** 81.63 *** 75.20 *** 

Catanzaro 80.90 *** 90.30   87.90 ** 80.98 *** 78.51 *** 79.53 *** 80.01 *** 
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Palermo 75.13 *** 86.85   81.71 ** 75.58 *** 97.92   97.92   93.33   

Cagliari 74.30 *** 84.11 * 83.44 ** 70.40 *** 102.33   95.70   82.04 *** 

Obs. 177  74  89  42  1,673  2,018  888  

AIC -387.321   -181.404   -224.739   -131.648   -3633.24   -3354.03   -1822.91   

RSD 0.173  0.142  0.141  0.093  0.170  0.229  0.193  

λ 2.147  2.978  3.066  1.171  1.429  1.779  0.622  

* 10 % , ** 5 %, *** 1 % PPP for Campobasso has been estimated with kriging AIC: Akaike information criterion; RSD: Residual standard deviation. 

 

Table 3. Sub-national PPPs for the 20 Italian regional chief towns (Rome = 100) using the PCPD model on average prices 

 
  

Beef Other meats  Pork 
Fresh or chilled 
fruit 

Fresh or chilled 
vegetables  

Fresh, chilled or 
frozen fish and 
seafood 

 Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. 

Aosta 111.52 ** 113.43 ** 110.19 ** 124.98 *** 125.48 *** 95.41  

Torino 108.65 ** 107.47 * 101.92 103.77 ** 103.15 101.92 

Genova 105.23  103.87  99.60  114.34 *** 112.19 *** 99.10  

Milano 96.95  106.72 * 98.41  148.88 *** 156.36 *** 130.08 *** 

Trento 101.82  106.50  94.08 * 125.61 *** 120.32 *** 93.71  

Venezia 105.02  107.79 ** 98.41  123.74 *** 118.29 *** 78.11 *** 

Trieste 104.19  120.44 *** 98.91  121.65 *** 121.77 *** 91.94 *** 

Bologna 103.67  105.44 * 101.21  127.00 *** 123.86 *** 84.37 *** 

Centre            

Firenze 99.30  100.20  98.31  109.86 *** 99.70  98.22  

Ancona 101.71  101.61  101.41  121.05 *** 111.52 *** 87.90 *** 
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Perugia 100.60 95.89 99.80 110.74 *** 102.63 111.63 *** 

South and Islands            

L'Aquila 98.51  102.53  100.30  92.87 *** 88.78 *** 86.24 *** 

Campobasso 95.41 ** 97.34  98.22  94.74 ** 90.12 *** 84.54 *** 

Napoli 90.76 *** 95.60  95.41  96.18 ** 86.85 *** 78.11 *** 

Potenza 86.33 *** 91.85 ** 92.96 ** 97.24  96.75  78.19 *** 

Bari 92.50 ** 91.58 ** 97.14 90.30 *** 85.47 *** 75.81 *** 

Catanzaro 84.54 *** 90.94 88.78 *** 82.37 *** 82.61 *** 82.28 *** 

Palermo 90.21 102.94 104.71 134.58 *** 128.27 *** 74.60 *** 

Cagliari 79.29 *** 91.39 89.23 115.72 *** 101.82 87.72 *** 

Obs 177  74  89  1,673  2,018  888  

AIC -208.758   -110.481   -133.718   -1989.35   -1949.16   -1082.26   

RSD 0.120  0.095  0.075  0.122  0.164  0.140  

λ 1.709  1.241  1.354  0.430  0.564  0.293  

* 10 % , ** 5 %, *** 1 % .  PPP for Campobasso has been estimated with kriging. AIC: Akaike information criterion; RSD: Residual standard deviation. 

 
 

Table 4. Estimates and sub-national PPPs for the 20 Italian regional chief towns (Rome = 100 on individual price quotes) using hedonic 
CPD and CPD models with spatially autocorrelated errors: Fresh or chilled vegetables and Fresh, chilled or frozen fish and seafood  
                
  Fresh or chilled vegetables          Fresh, chilled or frozen fish and seafood     
  SEM   SEM CPD (5)   CPD (4)     SEM   SEM CPD (5)   CPD (4)   
  Coeff. Sig. Coeff. PPPs Sig. Coeff. PPPs Sig. Coeff. Sig. Coeff. PPPs Sig. Coeff. PPPs Sig. 

North                               

Aosta     0.2229 124.97 *** 0.2274  125.53  ***     -0.0654 93.67   -0.0654 93.67 * 

Torino     0.0041 100.41   -0.0121 98.80       0.0067 100.67   0.0067 100.67   

Genova     0.1022 110.76 *** 0.1055 111.12 ***     -0.0249 97.54   -0.0249 97.54   
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Milano     0.4559 157.75 *** 0.4384 155.02 ***     0.2247 125.19 *** 0.2247 125.19 *** 

Trento     0.1769 119.35 *** 0.1801 119.73 ***     -0.0788 92.43 * -0.0788 92.43 ** 

Venezia     0.1468 115.81 *** 0.1506 116.26 ***     -0.2727 76.13 *** -0.2727 76.13 *** 

Trieste     0.1913 121.08 *** 0.1942 121.44 ***     -0.0935 91.07 ** -0.0935 91.07 *** 

Bologna     0.2107 123.45 *** 0.2135 123.79 ***     -0.1925 82.49 *** -0.1925 82.49 *** 

Centre                               

Firenze     -0.0206 97.96   -0.0185 98.17       -0.0245 97.58   -0.0245 97.58   

Ancona     0.1130 111.97 *** 0.1181 112.54 ***     -0.1476 86.28 *** -0.1476 86.28 *** 

Perugia     0.0126 101.27   0.0171 101.72       0.1057 111.15 *** 0.1057 111.15 *** 

South and Islands                             

L'Aquila     -0.1387 87.05 *** -0.1359 87.29 ***     -0.1601 85.20 *** -0.1601 85.20 *** 

Campobasso     -0.1146 89.17 ***           -0.1588 85.32 ***       

Napoli     -0.1540 85.73 *** -0.1503 86.04 ***     -0.2625 76.91 *** -0.2625 76.91 *** 

Potenza     -0.0367 96.40   -0.0350 96.57       -0.2957 74.40 *** -0.2957 74.40 *** 

Bari     -0.1736 84.06 *** -0.1696 84.40 ***     -0.2924 74.65 *** -0.2924 74.65 *** 

Catanzaro     -0.1963 82.18 *** -0.1942 82.35 ***     -0.2272 79.68 *** -0.2272 79.68 *** 

Palermo     0.0247 102.50   0.0246 102.49       0.0401 104.09   0.0401 104.09   

Cagliari     -0.0206 97.97   -0.0172 98.29       -0.0891 91.48 ** -0.0891 91.48 ** 

Constant 2.014 *** 1.9085   ***       2.096 *** 2.085   *** 2.085   *** 

product dummies  YES    YES         YES      YES      YES        YES     

outlet type (modern) -0.118 *** -0.0623   *** -0.0707   *** -0.288 *** -0.196   *** -0.1960   *** 

outlet type (traditional) 0.022   0.0792   *** 0.0708   *** -0.141 *** -0.050   * -0.0501     

Lambda 0.52 *** 0.00           0.548 *** 0.00           

Obs.  2,018         2,018               888    888     888     

Root MSE 0.076   0.0533     0.2457     0.056   0.0357     0.1945     

AIC 706.1   34.324     167.9329     30.79   -336.52     -340.52     

RSD 0.275  0.231   0.621   0.237  0.189   0.498   

* 10 % , ** 5 %, *** 1 % .  PPP for Campobasso has been estimated with kriging. AIC: Akaike information criterion; RSD: Residual standard deviation. 
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Table 5. Sub-national PPPs for the 20 Italian regional chief towns (Rome = 100) using the CPD model on individual price quotes 

  
Beef Other meats  Pork 

Lamb, mutton and 
goat  

Fresh or chilled fruit 
Fresh or chilled 
vegetables  

Fresh, chilled or 
frozen fish and 
seafood 

Region Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. 

North                           

Aosta 106.11   109.82   111.10 ** 95.59   125.17 *** 125.53 *** 93.67 * 

Torino 112.88 ** 105.91   100.09   104.73   102.35   98.80   100.67   

Genova 109.97 ** 98.54   93.61 ** 95.52   113.73 *** 111.12 *** 97.54   

Milano 87.17   105.49   96.28   97.03   150.59 *** 155.02 *** 125.19 *** 

Trento 105.44   106.09   87.65   100.35   125.16 *** 119.73   92.43 ** 

Venezia 104.50   98.88   94.91   108.93   123.20 *** 116.26   76.13 *** 

Trieste 102.51   123.31 * 98.14   116.89 * 121.54 *** 121.44   91.07 *** 

Bologna 99.92   104.13   102.96   101.29   126.78 *** 123.79 *** 82.49 *** 

Centre                           

Firenze 87.76 ** 92.51   87.75   97.62   108.89 *** 98.17   97.58   

Ancona 107.31 ** 103.22   105.33   109.99 *** 122.63 *** 112.54 *** 86.28 *** 

Perugia 101.62   87.28   95.88   110.45   111.09 *** 101.72   111.15 *** 

South and Islands                           

Aquila 100.66   113.95   100.14   98.37   92.12 *** 87.29 *** 85.20 *** 

Campobasso               NA    NA     NA     NA     NA     NA     NA   

Napoli 81.18 *** 92.63   87.14 *** 87.21 ** 95.97 * 86.04 *** 76.91 *** 

Potenza 77.92 *** 86.32   87.45 ** 88.34 *** 99.33   96.57   74.40 *** 

Bari 89.13 ** 81.61   96.38   101.77   89.20 *** 84.40 *** 74.65 *** 

Catanzaro 78.77 *** 85.23 ** 82.38 *** 76.50 *** 81.45 *** 82.35 *** 79.68 *** 
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Palermo 87.10 ** 90.38   85.08 *** 80.07 *** 101.98   102.49   104.09   

Cagliari 86.14 *** 87.51   86.89 *** 74.54 ** 104.23 * 98.29   91.48 ** 

                              

Obs. 177   74   89   42   1673   2018   888   

Root MSE 0.176   0.147   0.148   0.105   0.181   0.246   0.194   

AIC -89.702   -56.262   -69.182   -57.081   -879.982   167.933   -340.517   

* 10 % , ** 5 %, *** 1 % .  PPP for Campobasso cannot be estimated due to lack of CPI data. AIC: Akaike information criterion. 

 

 

Table 6. Sub-national PPPs for the 20 Italian regional chief towns (Rome = 100 on individual price quotes) using CPD models with 

spatially autocorrelated errors 

  Beef Other meats  Pork 
Lamb, mutton 
and goat  

Fresh or chilled 
fruit 

Fresh or chilled 
vegetables  

Fresh, chilled or 
frozen fish and 
seafood 

  Coeff Sig. Coeff Sig. Coeff Sig. Coeff Sig. Coeff Sig. Coeff Sig. Coeff Sig. 

products YES   YES       YES   YES   YES   YES   

outlet type YES   YES       YES   YES   YES   YES   

lambda 0.604 *** 0.615 *** 0.556 ** 0.666 *** 0.587 *** 0.516 *** 0.549 *** 

Obs. 177   74   89   42   1,673        2,018            888    

Root MSE 0.03479   0.02156   0.02016   0.01308   0.04859   0.07562   0.05615   

AIC -73.38   -59.11   -80.63   -49.48   -155.33   706.05   30.78   
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Table 7. Sub-national PPPs for the 20 Italian regional chief towns (Rome = 100 on individual price quotes) using CPD models with 

spatially autocorrelated errors 

  Beef Other meats  Pork 
Lamb, mutton 
and goat  

Fresh or chilled 
fruit 

Fresh or chilled 
vegetables  

Fresh, chilled 
or frozen fish 
and seafood 

Region Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. Rome=100 Sig. 

North                           

Aosta 106.11   109.82   111.10   95.59   124.96 *** 124.97 *** 93.67   

Torino 112.88   105.91   100.09   104.73   102.66   100.41   100.67   

Genova 109.97   98.54   93.61   95.52   113.83 *** 110.76 *** 97.54   

Milano 87.17 * 105.49   96.28   97.03   151.04 *** 157.75 *** 125.19 *** 

Trento 105.44   106.09   87.65   100.35   125.63 *** 119.35 *** 92.43 * 

Venezia 104.50   98.88   94.91   108.93   123.03 *** 115.81 *** 76.13 *** 

Trieste 102.51   123.31 ** 98.14   116.89 ** 121.47 *** 121.08 *** 91.07 ** 

Bologna 99.92   104.13   102.96   101.29   127.23 *** 123.45 *** 82.49 *** 

Centre                           

Firenze 87.76   92.51   87.75   97.62   108.73 *** 97.96   97.58   

Ancona 107.31   103.22   105.33   109.99   122.40 *** 111.97 *** 86.28 *** 

Perugia 101.62   87.28   95.88   110.45   111.18 *** 101.27   111.15 *** 

South and Islands                           
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L'Aquila 100.66   113.95   100.14   98.37   92.19 *** 87.05 *** 85.20 *** 

Campobasso 92.47  96.25  95.82  95.55  93.97 *** 89.17 *** 85.32 *** 

Napoli 81.18 ** 92.63   87.14   87.21 * 96.06   85.73 *** 76.91 *** 

Potenza 77.92 *** 86.32 * 87.45   88.34 * 99.40   96.40   74.40 *** 

Bari 89.13   81.61 * 96.38   101.77   89.14 *** 84.06 *** 74.65 *** 

Catanzaro 78.77 *** 85.23   82.38 ** 76.50 *** 81.80 *** 82.18 *** 79.68 *** 

Palermo 87.10 * 90.38   85.08 * 80.07 *** 101.86   102.50   104.09   

Cagliari 86.14 * 87.51   86.89   74.54 *** 104.15   97.97   91.48 ** 

                              

Obs. 177   74   89   42   1673   2018   888   

Root MSE 0.027   0.015   0.016   0.006   0.031   0.053   0.036   

AIC -85.702   -52.262   65.182   -53.081   -887.09   34.324   -336.52   

lambda 0  0  0  0  0  0  0  

* 10 % , ** 5 %, *** 1 % PPP for Campobasso has been estimated with kriging. AIC: Akaike information criterion. 
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Note: Campobasso, which is the regional chief town of Molise, is not included in the 2014 CPI Survey.  

 

Figure 1 

Italian regional chief towns    

 

 

 

 

 



52 
 

 

 

 

 

 

 

 

 

Beef and Veal Other meats and edible offal 

  

Pork Lamb, mutton and goat 

  

Fresh or chilled fruit Fresh or chilled vegetables other than potatoes 
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Figure 2 

PCPD coefficient estimates using individual price quotes     

  

Fresh, chilled or frozen fish and seafood  
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Figure 3  

PCPD coefficient estimates using average prices    
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