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Abstract:

International comparisons of the purchasing power of currencies and real income

across countries often use as building blocks bilateral comparisons between all possi-

ble pairs of countries. These bilaterals are then combined to obtain the overall global

comparison. One problem with this approach is that some of the bilateral compar-

isons are typically of lower quality, and their inclusion therefore can undermine the

integrity of the multilateral comparison. Formulating multilateral comparisons as a

graph theory problem, we show how quality can be improved by replacing bilateral

comparisons with their shortest path spatially chained equivalents. We consider a

number of different ways in which this can be done, and illustrate these methods

using data from the 2011 round of the International Comparisons Program (ICP).

Using bilateral bounds criteria, we demonstrate how spatial chaining improves the

quality of the overall global comparison. (JEL: C43, E31, O47)
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1 Introduction

International comparisons of prices and real income across countries are used to motivate

and test theories of international trade, growth, development, and convergence, and to

measure poverty and global inequality. The results have implications for poverty reduction

programs, as well as for international relations and the environment.1

The main coordinator of such comparisons at the global level based on micro-level

data is the International Comparisons Program (ICP). ICP is a huge undertaking coordi-

nated by the World Bank in collaboration with the Organization for Economic Cooperation

and Development (OECD), Eurostat, International Monetary Fund (IMF) and United Na-

tions (UN). It compares the purchasing power of currencies and real income of almost all

countries in the world (see Deaton and Heston 2010). Its results are used in the construc-

tion of the Penn World Table (probably the most widely used data set in the economics

profession), the World Development Indicators published by the World Bank, the World

Economic Outlook published by the IMF, and the Human Development Index (HDI) pub-

lished by the United Nations Development Program (UNDP). The World Bank uses the

ICP results to measure regional and global poverty, providing estimates of the number

of people living on less than US$1 or $2 per day, and by the World Health Organization

(WHO) and United Nations Educational, Scientific and Cultural Organization (UNESCO)

to compare expenditures on health and education respectively across countries (see Rao

2013). ICP results are also used by the IMF when computing its special drawing rights

(SDRs)– which determine budget contributions and voting power (see Silver 2010).

The structure of ICP comparisons is explained in sections 6 and 7. Expenditure

weights, derived from the national accounts, and available for about 150 aggregates within

GDP (referred to as basic headings). Below basic heading level ICP compares countries

using the Country Product Dummy (CPD) method (see Summers 1973), while above

basic heading level it uses the GEKS method (see Gini 1931, Eltetö-Köves 1964, and Szulc

1964). Our focus here is mainly on GEKS and higher level aggregation. However, the

CPD method is addressed in section 7.

GEKS is used by the ICP since 2005, as well as by the OECD in its triennial com-

parisons (see World Bank 2008), and by Eurostat in its annual comparisons (see Eurostat

2012). The building blocks of the GEKS method are bilateral Fisher price index com-

parisons between all possible pairs of countries. The GEKS formula then averages these

1With regard to the latter, projections of greenhouse gas emissions depend on estimates of global
inequality and projections of future convergence (see Castles and Henderson 2004).
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Fisher indexes to obtain a set of internally consistent (i.e., transitive) multilateral price

indexes. Each bilateral comparison is given equal weight in the GEKS transitivization

formula.

A total of 156 countries participated fully in the most recent round of ICP 2011 (the

most recent round).2. A comparison over 156 countries yields a total of 12 090 distinct

bilateral comparisons. GEKS gives equal weight to each of these in determining the overall

results.

Some of these 12 090 bilateral comparisons, however, are likely to be more reliable

than others (see Aten and Heston 2009). This is partly due to the underlying structure of

ICP. Both the last two rounds of ICP (2005 and 2011) are divided into six regional blocks

(OECD-Eurostat, Latin America, Asia-Pacific, Western Asia, Africa, and the CIS).3 There

are also two singleton countries, Georgia and Iran. This regional structure adds a layer of

complication into ICP. While all regions use the same list of basic headings, each region

is free to adjust the product list for each basic heading to make it more representative of

expenditure in that region.

The important point here is that, other things equal, the regionalized structure of

ICP implies that comparisons between countries in the same region may be more reliable

since they are based on the same underlying product lists. Likewise, other things equal,

comparisons between countries with similar economic structures and per capita income

levels tend to be more reliable since they are less sensitive to the choice of bilateral price

index formula. Of particular concern therefore are bilateral comparisons between countries

that lie in different ICP regions and have very different per capita income levels.

It should therefore be possible to improve on GEKS by either excluding less reliable

bilateral comparisons, or by giving greater weight to those bilateral that are deemed more

reliable. The question is how best to do this?

When attempting to answer this question it is useful to reinterpret international

comparisons in a graph theory setting. Each country is denoted by a vertex and each

bilateral comparison by an edge connecting two vertices. In a comparison between I

countries, the minimum number of bilaterals (i.e., edges) needed is I − 1. These I − 1

edges must form a spanning tree (i.e., they connect the I vertices without creating any

cycles). One solution is to select I − 1 edges according to some distance metric that

2A number of other countries, including many Caribbean and Pacific islands, also participated in a
limited way in ICP 2011 (see International Comparisons Program 2013)

3CIS stands for Confederation of Independent States, and covers the countries of the former Soviet
Union.
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together align to form a spanning tree. Hill (1999) proposes a method based on minimum

spanning trees (MSTs) along these lines. Hill’s MST method, however, also has a weakness

in that it is generally not robust to slight changes in the data or to changes in the distance

metric.

What is needed is a method that lies somewhere in between the GEKS and MST

methods. More reliable bilateral comparisons should be given greater weight, but the

weighting scheme should not be as extreme as that employed by the MST method, which

effectively gives I − 1 bilaterals a weight of 1 and all others a weight of zero.

Such a method already exists – the weighted-GEKS method of Rao (1999, 2009). Rao

shows that GEKS is a special case of weighted-GEKS. We show here in section 3 that the

MST method is a limiting case of weighted-GEKS. The weighted-GEKS method, like the

MST method, requires a metric to determine the weights on each bilateral comparison.

The problem with weighted-GEKS is that it is not clear how much more weight should be

given to one bilateral comparison versus another.

Our objective here is to approach this problem from the perspective of spatial chain-

ing. Consider the question of how best to make a bilateral comparison between a pair of

countries. The standard answer is that the best way is to make a direct bilateral price

index comparison. This position was made forcefully by Fisher (1922). He considers a

situation where the measured price levels in Georgia and Norway are about the same, as

are the price levels in Georgia and Egypt.

We might conclude, since ‘two things equal to the same thing are equal to each

other,’ that, therefore, the price levels of Egypt and Norway must be equal,

and this would be the case if we compare Egypt and Norway via Georgia.

But, evidently, if we are intent on getting the very best comparison between

Norway and Egypt, we shall not go to Georgia for our weights. In the direct

comparison between Norway and Egypt the weight is, so to speak, none of

Georgia’s business. (Fisher 1922, p. 272)

One can imagine situations, however, where indirect comparisons can be useful. Such

indirect comparisons across space are what we mean by spatial chaining. An extreme case

is when there is no overlap in the products priced by a pair of countries. In this case one

has no choice but to resort to spatial chaining. This situation is considered in section 7

and Appendix C.

Our objective here is to explore ways in which spatial chaining may improve interna-

tional comparisons. In time series comparisons it is well recognized that chronologically
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chained comparisons are often preferred to direct comparisons. No such natural ordering

exists for spatial comparisons. However, given a suitable distance metric, shortest paths

between pairs of countries can be found that can reduce the variance of the underlying

comparisons. We provide a formal basis for this claim in Appendix B. It should be noted

that in some cases the shortest path is the direct comparison.

It follows that one way to improve on GEKS is to replace all direct bilaterals by their

shortest path equivalents, prior to application of the GEKS transitivization formula. A

second approach is to construct a shortest path spanning tree for each country and then

combine these spanning trees to construct an overall weights matrix. We consider two

different ways in which this can be done, by taking either the union or the sum of the

spanning trees. Once the weights matrix has been constructed, it can then be inserted

into the weighted GEKS formula to obtain the multilateral price indexes.

All three of these spatial chaining methods delete the most egregious bilateral com-

parisons and replace them with their shortest path equivalents, thus improving the overall

quality of the multilateral comparison. While a distance metric is still required to compute

the shortest paths, the weights in the weighted GEKS formula emerge naturally from the

shortest paths. Hence the main weakness of weighted GEKS – the arbitrariness in the

choice of weights – is avoided. The use of shortest paths allows us to circumvent this

weakness.

We compare GEKS, the MST method, and our three spatial chaining methods em-

pirically using ICP 2011 data. We also consider the Afriat multilateral index proposed by

Dowrick and Quiggin (1997) which, although different in its conception, is related to the

spatial chaining methods proposed here. We compute results using two different distance

metrics, LPS and WRPD (see section 3). The sensitivity of the results to the choice of

multilateral method and distance metric is assessed. The differences in some cases are

quite substantial and economically significant. We then use Laspeyres-Paasche bounds,

Geometric-Laspeyres and Geometric-Paasche bounds, and Afriat bounds on the 12 090 bi-

lateral comparisons subsumed within the broader multilateral comparison to compare the

performance of competing methods. We find that all three of our spatial chaining methods

based on the WRPD distance metric outperform GEKS.

The remainder of the paper is structured as follows. In section 2 we outline the GEKS

and weighted-GEKS methods. In section 3 we introduce the distance metrics LPS and

WRPD, explain the MST method and show that it is a special case of weighted GEKS.

Section 4 focuses on shortest paths and introduces our shortest path variant on GEKS and
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shortest path weighted GEKS. Section 5 explains the Afriat’s approach to spatial chaining,

and the derivation of Afriat bounds and the Afriat multilateral index. Section 6 provides

some information about the underlying architecture of ICP 2011. Section 7 shows that the

country product dummy (CPD) method used in ICP to compute price indexes at basic

heading level also employs aspects of spatial chaining. Section 8 applies the multilateral

methods discussed discussed in sections 2-5 to ICP 2011 data. Our performance bounds

criteria are explained in section 9, and then they are used to evaluate the competing

methods. Section 10 summarizes our main findings.

2 The GEKS and Weighted-GEKS Methods

2.1 The problem of intransitivity in multilateral comparisons

The bilateral price index literature focuses on the problem of finding the best price index

formula for measuring the difference in the price level between two time periods or countries

j and k. Henceforth we will assume that j and k denote countries. Two ways of answering

this question are provided by the economic approach (see Diewert 1976, 1999) and the

axiomatic approach (see Balk 1996 and Diewert 1999) to index numbers. Both end up

favoring the same formulas (Fisher, Törnqvist, Walsh and Sato-Vartia). Empirically these

formulas tend to approximate each other closely, and hence for most data sets it does not

matter much which is actually used (see Diewert 1978). Here we will focus on the Fisher

price index P F
j,k. Fisher, which is the geometric mean of Paasche P P

jk and Laspeyres PL
jk,

is defined as follow:

P F
jk =

√
P P
jk × PL

jk =

√√√√(∑N
n=1 pknqkn∑N
n=1 pjnqkn

)
×

(∑N
n=1 pknqjn∑N
n=1 pjnqjn

)
, (1)

where n = 1, . . . , N indexes the headings over which the comparison is being made (e.g.,

bread, cereal, rice, milk, etc), and pkn denotes the price and qkn the quantity purchased of

heading n in country k.

As soon as the comparison is extended to three or more countries (i.e., the comparison

switches from being bilateral to multilateral) we have a whole matrix of Fisher price
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indexes:

F =


1 P F

1,2 · · · P F
1,K

P F
2,1 1 · · · P F

2,K
...

...
...

P F
K,1 P F

K,2 · · · 1

 . (2)

The lead diagonal of F consists of ones since when a country is compared with itself the

price index must equal one (i.e., Pkk = 1 for all k). Fisher, Törnqvist, Walsh and Sato-

Vartia all satisfy the country reversal test, which states that P12 = 1/P12. Hence the

matrix of Fisher price indexes can be rewritten as follows:

F =


1 P F

1,2 · · · P F
1,K

1/P F
1,2 1 · · · P F

2,K
...

...
...

1/P F
1,2 1/P F

2,K · · · 1

 .

An extra requirement of transitivity arises in multilateral comparisons. The transi-

tivity requirement states that:

Pj,l = Pj,k × Pk,l,

where Pj,k denotes a price index comparison between countries j and k, and l denotes a

third country. Transitivity is required to obtain an internally consistent set of results.

All bilateral price index formulas that are functions of the price and quantity vectors

of only the two countries being compared are intransitive (except in certain special cases

such as when the quantity or expenditure weights all equal one) (see van Veelen 2002).

One solution to this problem is provided by the GEKS transitivization formula.

2.2 The GEKS Method

A number of approaches exist in the price index literature for obtaining transitive mul-

tilateral price indexes (see Hill 1997). The GEKS method starts from the premise that

the best comparison between a pair of countries is a bilateral comparison. It alters the

matrix of bilateral Fisher price indexes by the logarithmic least squares amount necessary

to impose transitivity. Algebraically, this least squares problem can be written as follows:

minlnPj ,lnPk

I∑
j=1

I∑
k=1

(lnPk − lnPj − lnP F
j,k)

2,
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where Pk denotes a multilateral price index for country k, and the normalization P1 = 1

is imposed. The solutions, ln P̂j, ln P̂k are the ordinary least squares (OLS) estimators of

lnPj, lnPk in the regression model:

lnP F
j,k = lnPk − lnPj + εj,k, (3)

where εj,k is a random error term.

The GEKS price indexes take the following form:

PGEKS
k

PGEKS
j

=
I∏
i=1

(
P F
i,k

P F
i,j

)1/I

, (4)

where PGEKS
k denotes the GEKS price index for country k, and i = 1, . . . , I indexes

the countries included in the multilateral comparison. While the GEKS transitivization

formula is usually applied to Fisher price indexes, it has alos been applied to Törnqvist

price indexes (see Caves, Christensen, and Diewert 1982).

The GEKS formula can also be derived from a graph theoretic perspective. An

undirected graph consists of a set of vertices and edges, where each edge connects two

vertices. Some examples of undirected graphs (i.e., where the edges do not have directional

arrows) defined on the set of five vertices are shown in Figure 1. In our context, the vertices

corresponds to countries in the comparison, and the edges to bilateral comparisons between

two countries. A star comparison shown in Figure 1 places one country (say country i) at

the center of a star graph and then makes bilateral comparisons between all other countries

and country i. The price indexes now take the following form:

P stari
k

P stari
j

=
P F
i,k

P F
i,j

, (5)

where P stari
k denotes the price index for country k obtained when country i is placed at

the center of the star.

It can now be seen that GEKS is derived by taking the geometric mean of I sets of

results, each having a different country i at the center of the star graph. Since Fisher

satisfies the country reversal test, there is no need to specify directional arrows on the

edges in the star graph.

The GEKS method therefore treats all countries symmetrically. In a comparison

between I countries there are a total of I(I−1)/2 bilateral comparisons. GEKS gives equal
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Figure 1: Examples of Graphs
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weight to each of these bilateral comparisons when calculating the overall multilateral (i.e.,

transitive) results.

A problem with such an approach is that some bilateral comparisons are more reliable

than others. As was noted in section 1, given that each region in ICP uses its own product

list, bilateral comparisons between countries in the same region are generally more reliable

since at least then we can be more confident that the countries have been pricing the

most of the same products. Furthermore, countries in the same region tend to be more

similar in their economic structures, thus making them easier to compare. For example,

the countries in the OECD-Eurostat region are predominantly richer and more advanced.

To put it another way, the inclusion in GEKS of bilateral comparisons between coun-

tries from different ICP regions and with very different economic structures (e.g., Peru-

Saudi Arabia or Japan-Tajikistan) can undermine the integrity of the overall results. We

consider in what follows some alternative ways of dealing with this problem.
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2.3 The Weighted-GEKS Method

The weighted-GEKS method (see Rao 1999, 2009) and Rao and Timmer (2003) gives

greater weight to those bilateral comparisons that are deemed more reliable. It is de-

rived from the regression model in (3). It is assumed now instead that the errors are

heteroscedastic as follows:

var(εjk) = σ2/wjk, for j 6= k. (6)

The weights, wjk, measure the reliability of the bilateral comparison between countries j

and k. The choice of the weights formula is discussed in subsection 2.4. The complete

matrix of weights is denoted here by W . The matrix W is symmetric with zeros on the

lead diagonal. Also, if a particular bilateral comparison is assigned a weight of zero, in

equation (6) this comparison should be interpreted as having an infinite variance. Hence

it plays no part in the determination of the weighted-GEKS price indexes.

W =


0 w12 · · · w1K

w21 0 · · · w2K

...
...

...

wK1 wK2 · · · 0

 (7)

The weighted-GEKS prices indexes, Pk, can be estimated using OLS once the model

has been transformed as follows:

√
wjk lnP F

jk =
√
wjk lnPk −

√
wjk lnPj + εjk. (8)

This approach is akin to an M-estimator that estimates parameters by minimizing a

weighted sum of squares irrespective of the covariance matrix of the disturbances (see

for example Wooldridge 2002, chapter 12).

OLS log price indexes on the transformed model are calculated as follows:
lnP2

lnP3

...

lnPK

 =


∑K

j=1w2j −w23 · · · −w2K

−w32

∑K
j=1w3j · · · −w3K

...
...

...

−wK2 −wK3 · · ·
∑K

j=1wKj


−1

−
∑K

j=1w2j lnP F
2j

−
∑K

j=1w3j lnP F
3j

...

−
∑K

j=1wKj lnP F
Kj

 .

(9)
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The price index for country 1, P1, is again normalized to 1. In the case where wjk = w for

all j, k, the weighted-GEKS method reduces to the standard GEKS formula in (4).

In sections 3 and 4 we will consider some ways in which spatial chaining can be used

to determine the weights in (7).

3 Distance Metrics and Minimum-Spanning Trees

3.1 Distance metrics for measuring the reliability of bilateral

comparisons

Let djk denote a distance metric for measuring the reliability of a bilateral comparison

between a pair of countries j and k. The smaller the value of djk the more reliable the

bilateral comparison is deemed to be. We consider below some axioms for djk.

A1: djj = 0;

A2: djk = djk;

A3: djk ≥ 0;

A4: djk = 0 when pk,i = λpj,i for all i; A5: djk = 0 if and only if pk,i = λpj,i for all i;

A6: djk = 0 when qk,i = µqj,i for all i; A7: djk = 0 if and only if qk,i = µqj,i for all i; A8:

pk,i 6= λpj,i and qk,i 6= µqj,i ⇒ djk > 0.

A1 implies that if a country is compared with itself we know the result with certainty.

The price index must equal 1. A2 implies that the way the countries are ordered does not

affect the reliability of the comparison. A3 implies that the distance metric is bounded

from below by zero. A4 and A6 state that maximum reliability is assigned to bilateral

comparisons that satisfy either the Hicks (1946) or Leontief (1936) aggregation conditions.

Under either scenario there is no index problem and hence the price and quantity indexes

are exactly correct. A4 (A6) states that (Hicks) aggregation is sufficient for djk = 0, while

A5 (A7) states that it is necessary and sufficient. A8 says that if neither the Hicks nor

Leontief conditions are satisfied then the distance metric must be greater than zero.

Here we focus on two distance metrics. The first is the Laspeyres-Paasche spread

defined as follows:

LPSjk =

∣∣∣∣∣ln
(
PL
jk

P P
jk

)∣∣∣∣∣ , (10)

where P P
jk and PL

jk are Paasche and Laspeyres price indexes defined in (1).4

4The ratio of a Laspeyres price index divided by a Paasche price index is equal to the ratio of a Laspeyres
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Our second metric is the weighted asymptotically quadratic index of relative price

dissimilarity (WRPD).

WRPDjk =

√√√√√ N∑
n=1


(
sj,n + sk,n

2

)( pk,n
P F
jk × pj,n

− 1

)2

+

(
P F
jk × pj,n
pk,n

− 1

)2
, (11)

where sj,n in WRPDjk denotes the expenditure share of heading n in country j. WPRD

is one of a number of price based distance metrics discussed in Diewert (2002).

The LPS metric violate axiom A5, A7, and A8, while WRPD violates A6 and A7.

Hence there is a tradeoff. In an international comparisons context the price data are

generally less affected by noise than the expenditure data. For this reason, given the

objective of ranking the bilateral comparisons in terms of reliability, it may be preferable

to attach greater importance to the axioms relating to prices, thus leading to a preference

for WRPD.

3.2 Spanning trees and minimum spanning trees

A spanning tree is a graph in which all the vertices are connected and only one path exists

between each pair of vertices. In our context again each vertex denotes a country, and an

edge linking two vertices a bilateral comparison between two countries. Some examples

of spanning trees defined on the set of 5 vertices are given in Figure 2. A spanning tree

defined on I countries contains exactly I−1 edges. A total of II−2 different spanning trees

can be defined on a set of I countries. The minimum spanning tree is the one with the

minimum sum of weights on the edges, where the weights in our context are defined as

one of the distance metrics LPS or WRPD. In other words, unlike with weighted GEKS,

lower weights are desirable in this context.

The minimum spanning tree can be computed using Kruskal’s algorithm, which at

each iteration selects the edge with the smallest weight subject to the constraint that its

inclusion in the graph does not create a cycle.5 The selection of edges continues until

I − 1 have been selected. At this point the I countries are connected and hence it is no

longer possible to add another edge without creating a cycle. The selected graph is the

quantity index divided by a Paasche quantity index. Hence thus distance measure could equally well be
defined in terms of quantity indexes.

5We assume there are no ties. In the presence of ties, the computation of the minimum spanning tree
is more complicated. In our empirical comparison we use enough decimal places to ensure that ties do not
arise.
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Figure 2: Examples of Spanning Trees
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minimum spanning tree. The minimum spanning tree therefore is invariant to monotonic

transformations of the weights. The minimum spanning tree is determined by the ordinal

rankings of the weights on the edges.

Hill (1999) proposes LPS as a distance metric for computing the minimum-spanning

tree, and then chains Fisher price indexes across the minimum-spanning tree to obtain a

set of multilateral price indexes.

3.3 Examples of minimum spanning trees

The empirical comparisons using ICP 2011 data in section 8 include 156 countries. Span-

ning trees defined on 156 countries are hard to visually interpret. As an illustrative ex-

ample, therefore, we provide here examples of minimum spanning trees computed using

the LPS and WRPD metrics for a sample of 14 countries drawn from all six participating

regions in ICP 2011. The countries included are: 1 = AUS (Australia); 2 = BRA (Brazil);

3 = DEU (Germany); 4 = IND (India); 5 = JPN (Japan); 6 = KAZ (Kazakhstan); 7 =

MAR (Morocco); 8 = NGA (Nigeria); 9 = PER (Peru); 10 = RUS (Russia); 11 = SAU

(Saudi Arabia); 12 = THA (Thailand); 13 = TZA (Tanzania); 14 = USA (United States).

The minimum spanning trees are shown in Figure 3. Only six of the 13 edges are

common to both minimum spanning trees. If the set of countries was more homogenous

(e.g., all European) then it is probable that the number of common links would be even

lower. This example illustrates two problems with the MST method. First, it is not very

robust to changes in the distance metric. Also Hill (1999) shows that it is not stable over

time (i.e., from one cross-section to the next). Second, some of the chain paths within the

minimum spanning tree are long and not necessarily plausible. Consider for example the
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path from Nigeria (NGA) to Saudi Arabia (SAU) under the WRPD metric. It is partly

for these reasons that we think shortest paths (discussed in section 4) have more potential

than minimum spanning trees with regard to spatial chaining.

Figure 3: Minimum Spanning Trees – 14 Country Example (ICP 2011)

 
(a) LPS Metric

 
(b) WRPD Metric
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3.4 Chaining across a spanning tree using the weighted GEKS

formula

A spanning tree defined on I countries can be represented as a symmetric weights matrix

W ST with zeroes on the lead diagonal, and 2(I − 1) elements that take the value one, and

the rest the value zero. Each weight equal to one in the upper triangle of the matrix (or in

the lower triangle) corresponds to an edge in the spanning tree. For example, the matrix

representation of the WRPD minimum spanning tree in Figure 3 denoted here by WMST
WRPD

is as follows (where the country codes are given above).

1 2 3 4 5 6 7 8 9 10 11 12 13 14

WMST
WRPD =

1
2
3
4
5
6
7
8
9
10
11
12
13
14



0 0 0 0 1 0 0 0 0 0 0 0 0 1
0 0 1 0 0 0 0 0 1 0 0 0 0 0
0 1 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 1 0 0 0 1 0 0 0 1 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 1 0 0 1 0 1 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0 0 1 0 0
1 0 0 0 0 0 0 0 0 0 1 0 0 0



.

It is shown in Appendix A that the multilateral price indexes derived by chaining

Fisher price indexes across a spanning tree can be computed by inserting the weights matrix

W ST into the weighted GEKS formula in (9). The weighted GEKS formula therefore

provides a fast and elegant method for computing the multilateral price indexes from a

spanning tree.

3.5 The minimum spanning tree as a special case of weighted

GEKS

Consider the following way of setting the weights in the weighted GEKS formula in (9).

wjk =

[
1

rank(djk)

]x
, (12)
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where rank(djk) implies that the smallest distance metric (where j neqk) receives the score

1, the second smallest the score 2, etc. To simplify matters we assume in what follows

that there are no ties. The term x is a positive parameter.

Proposition: In the limit as x tends to infinity, the weighted-GEKS method con-

verges on the minimum-spanning-tree method.

Proof : The weighted-GEKS method starts from a complete graph consisting of I

vertices and I(I − 1)/2 edges, where I is the number of countries in the comparison.

Each country is represented by a vertex and each bilateral comparison between a pair of

countries by an edge. Each edge has a weight. Let the edges be ordered by the size of

their weights from smallest e1 to largest eI(I−1)/2. The ratio of the weights on adjacent

edges in the ordering is as follows: (wi+1/wi)
x. This ratio can be made arbitrarily large

by increasing x.

Here a cycle is defined as a path that begins and ends at the same vertex and passes

through two or more edges with no repetitions of edges or vertices other than the repetition

of the starting and ending vertex. Consider now any cycle within the complete graph that

includes e1. By increasing x, the weight attached to e1 in the weighted-GEKS formula can

be made arbitrarily small relative to that of the edge with the second smallest weight in

that same cycle. Hence as x rises, e1’s impact on the comparison between the countries

in the cycle tends to zero. The same holds for any other cycles involving e1. For a large

enough x, therefore, the edge e1 can be deleted from the graph. The same reasoning

can now be applied to the edge e2, and then to e3, etc. As long as there exists a cycle

containing edge ei, and ei is the smallest remaining edge in the graph, then edge ei can be

deleted. If ei does not appear in any cycles then it cannot be deleted since it is required

to keep all the vertices connected. The focus then shifts to the next smallest edge ei+1

Eventually a point is reached at which the graph no longer contains any cycles. The

resulting graph is the maximum-spanning tree. This must be the case, since the algorithm

just described corresponds to the reverse-delete algorithm for computing a maximum-

spanning tree (again see Kruskal 1956). (Note: this maximum-spanning tree corresponds

to the minimum-spanning tree if the distance metric djk is used as weights.)

An implication of this theorem is that it is possible to compute minimum-spanning-

tree price indexes using the weighted-GEKS formula without actually computing the

minimum-spanning tree.

In section 8 we compute minimum-spanning trees defined on the 156 countries that
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participated in ICP 2011. The results demonstrate that the MST method is not robust.

4 Shortest Path Methods

4.1 The shortest path between a pair of countries

In the context of an international spatial comparison, there is no natural ordering of

countries corresponding to the chronological ordering of time periods. Given the objective

of comparing countries j and k, the question is whether it is possible to find countries

that lie in some economically meaningful way between these two countries. If the bilateral

comparison is between the USA and Canada the answer is likely to be no. If, however,

the comparison is between USA and Tanzania it does seem plausible that one or more

intermediate link countries might be found that improve the comparison.

These ideas can be made more precise. Returning again to a graph theory context,

we define a path between countries j and k as a sequence of edges starting at the vertex

of country j and ending at the vertex of country k. The shortest path between a pair of

countries j and k is defined here as the path with the minimum sum of weights. When the

weights on the edges are all strictly positive and different, the shortest path is uniquely

defined and no edge or vertex appears more than once along the path.

Given a distance metric Djk, the shortest path between j and k is the path with

the minimum sum of weights. The choice of formula for Djk is discussed in the next

section. For the moment we will assume that it is possible to define a metric for which it

is economically meaningful to sum weights along a chaining path.

Let SP (bk) denote the shortest path between countries b and k. It is calculated as

follows:

SPbk = minj,l,...,m{Dbj +Djl + · · ·+Dmk}.

The shortest path could contain between 0 and I − 1 intermediate links (where I is the

number of countries in the comparison). The shortest path can be calculated using Dijk-

stra’s algorithm.

4.2 Distance metrics for computing shortest paths

Conceptually the choice of distance metric for computing shortest paths is not equivalent

to the choice of distance metric for a minimum spanning tree. In the case of a minimum

spanning tree all that matters is the ordinal ranking of the edges. In a shortest path
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context, it has to be economically meaningful to sum the distance metric along a chain

path.

Consider again the chained Laspeyres-Paasche spread. As a result of the substitution

effect, Laspeyres is typically larger than Paasche. For example, Laspeyres is bigger than

Paasche for Household Consumption in 11 994 out of 12 090 bilateral comparisons in our

ICP 2011 data set. Inspection of the 96 cases where Paasche exceeds Laspeyres, these

bilaterals involve countries with lower quality data. In other words, these violations of

the standard Laspeyres greater than Paasche inequality can more likely be attributed to

noise in the data rather than income effects. Hence a case can be made for excluding these

bilateral comparisons.

The chained Laspeyres-Paasche Spread can be defined as follows:

ch(LPS)bk =

∣∣∣∣∣ln
(
PL
bj

P P
bj

×
PL
jl

P P
jl

× · · · × PL
mk

P P
mk

)∣∣∣∣∣ , (13)

where b and k are the two countries being compared. The chained comparison links through

the intermediate countries (j, l, . . . ,m).

If we impose the restriction that each Laspeyres price index PL
jk is greater than its

Paasche counterpart P P
jk, then it follows that (13) can be rewritten as:

ch(LPS)bk = LPSbj + LPSjl + · · ·+ LPSmk. (14)

This implies that the shortest path between countries b and k, which can be easily calcu-

lated using Dijkstra’s algorithm, minimizes the chained Laspeyres-Paasche spread.

Furthermore, theoretical foundations can be provided for the claim that Laspeyres-

Paasche spreads (direct and chained) provide a measure of reliability. In Appendix B

it is shown that, under certain conditions, when a chained Laspeyres-Paasche spread is

smaller than its direct counterpart, this implies that the variance on the chained price

index is likewise smaller than that on its direct counterpart. It therefore follows that

LPS as a criterion for computing shortest paths can be given an economically meaningful

interpretation. Economic foundations for the WRPD distance metric are also provided

in Appendix B. Empirically, WRPD is more conservative than LPS, in that its shortest

paths tend to include less edges.
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4.3 Shortest path spanning trees

In a comparison between I countries, a shortest path can be computed between country k

and each of the other I − 1 countries in the comparison. Taking the union of these I − 1

shortest paths yields a shortest path spanning tree. Each country has its own shortest path

spanning tree. The shortest path spanning trees for India and Brazil for our 14 country

based on the WRPD metric are shown in Figure 4.

Figure 4: Shortest Path Spanning Trees – 14 Country Example (ICP 2011)

 
(a) Shortest Paths for India – WRPD Metric

 
(b) Shortest Paths for Brazil – WRPD Metric

As can be seen in Figure 4, the shortest path between two countries is sometimes a
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direct comparison. Conversely, sometimes the shortest path contains a number of inter-

mediate links. For example, the shortest path from India to Australia in Figure 4 passes

through Thailand, Peru, Brazil, and the USA.

4.4 Shortest path Fisher and GEKS

An alternative to introducing weights into the GEKS method is to transform the bilateral

comparisons prior to applying the GEKS transitivization formula. One way in which this

can be done is by replacing each bilateral by its shortest-path equivalent.

Given the shortest path from country b to country k is b, j, l, . . . ,m, k, the shortest

path chained Fisher price index is calculated as follows:

SP (P F
bk) = P F

bj × P F
jl × · · · × P F

mk.

A shortest path Fisher matrix SP (F ) can now be constructed for every Fisher price index

in the Fisher matrix F in (2). Replacing each direct Fisher with its chained counterpart we

obtain a shortest path Fisher matrix SP (F ). The GEKS transitivization algorithm is now

applied to this shortest path Fisher matrix SP (F ). One advantage of this method is that

the most egregious bilaterals are replaced by chained comparisons prior to the application

of the GEKS transitivization formula.

4.5 Weighted-GEKS applied to the union of shortest paths

It was noted above that each country has its own shortest-path spanning tree. If we take

the union of all these shortest-path spanning trees we obtain a graph that contains cycles.

The union of the shortest path spanning trees, based on both the LPS and WRPD metrics,

for our 14 country example is graphed in Figure 5.

The weighted-GEKS method can now be applied to this union of shortest paths graph.

Each edge that is omitted from the union of shortest paths graph is now assigned a weight

of zero, while those edges that are represented in the union of shortest paths graphs are

assigned a weight of 1.

wjk = 1 if the edge connecting countries j and k appears in at least one shortest-path

spanning tree.

wjk = 0 otherwise.

In our 14 country example, the graph in Figure 5(b) for the WRPD metric can be
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Figure 5: Union of Shortest Path Spanning Trees – 14 Country Example (ICP 2011)

 

(a) LPS Metric

 

(b) WRPD Metric
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represented as a weights matrix. Again we use the country codes: 1 = AUS (Australia);

2 = BRA (Brazil); 3 = DEU (Germany); 4 = IND (India); 5 = JPN (Japan); 6 = KAZ

(Kazakhstan); 7 = MAR (Morocco); 8 = NGA (Nigeria); 9 = PER (Peru); 10 = RUS

(Russia); 11 = SAU (Saudi Arabia); 12 = THA (Thailand); 13 = TZA (Tanzania); 14 =

USA (United States).

1 2 3 4 5 6 7 8 9 10 11 12 13 14

WUnion−SP
WRPD =

1
2
3
4
5
6
7
8
9
10
11
12
13
14



0 0 1 0 1 0 0 0 0 0 0 0 0 1
0 0 1 0 0 1 1 1 1 1 0 0 0 1
1 1 0 0 1 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 1 0 0 0 1 1 0
1 0 1 0 0 1 1 1 0 1 0 1 0 0
0 1 0 0 1 0 0 1 1 1 1 1 0 0
0 1 0 0 1 0 0 1 1 1 0 1 0 0
0 1 0 1 1 1 1 0 1 1 1 1 1 0
0 1 0 0 0 1 1 1 0 1 0 1 0 0
0 1 0 0 1 1 1 1 1 0 1 1 0 0
0 0 0 0 0 1 0 1 0 1 0 0 0 1
0 0 0 1 1 1 1 1 1 1 0 0 1 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0
1 1 1 0 0 0 0 0 0 0 1 0 0 0



.

Using this weights matrix in the weighted GEKS formula in (9) yields the method

denoted here by Shortest Path Union Weighted GEKS. This method like the Shortest

Path GEKS method ensures that the most egregious bilaterals are removed prior to the

application of the transitivization procedure.

4.6 Weighted-GEKS applied to the sum of shortest paths

An alternative weighting scheme is to count how many times each bilateral comparison (i.e.,

edge) appears in the shortest path spanning trees. In a comparison between I countries

there are I shortest path spanning trees. Hence the maximum possible count is I and

the minimum is zero. In this case the weights matrix therefore consists of integer values

ranging between 0 and I.

wjk = z where z is the number of shortest path spanning trees that contain the edge

connecting countries j and k.

In our 14 country example and using the same country codes as above, this method

entails using the following weights matrix in the weighted GEKS formula in (9):
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1 2 3 4 5 6 7 8 9 10 11 12 13 14

W Sum−SP
WRPD =

1
2
3
4
5
6
7
8
9
10
11
12
13
14



0 0 2 0 5 0 0 0 0 0 0 0 0 12
0 0 11 0 0 4 5 5 9 5 0 0 0 12
2 11 0 0 4 0 0 0 0 0 0 0 0 3
0 0 0 0 0 0 0 2 0 0 0 12 2 0
5 0 4 0 0 3 2 3 0 2 0 3 0 0
0 4 0 0 3 0 0 3 4 2 3 3 0 0
0 5 0 0 2 0 0 2 3 3 0 4 0 0
0 5 0 2 3 3 2 0 2 2 3 2 5 0
0 9 0 0 0 4 3 2 0 2 0 8 0 0
0 5 0 0 2 2 3 2 2 0 5 5 0 0
0 0 0 0 0 3 0 3 0 5 0 0 0 6
0 0 0 12 3 3 4 2 8 5 0 0 9 0
0 0 0 2 0 0 0 5 0 0 0 9 0 0
12 12 3 0 0 0 0 0 0 0 6 0 0 0



.

This method is denoted here by Shortest Path Sum Weighted GEKS.

5 Afriat’s Approach to Spatial Chaining

5.1 Afriat’s bounds

In a series of papers Afriat derived conditions under which a data set of prices and expen-

diture shares is consistent with the utility maximizing behavior of a representative agent

under homothetic preferences (see particularly Afriat 1967, 1972, 1981).

The starting point is the Konüs (1924) cost of living index:

PK(pb, pk, u) =
e(pk, u)

e(pb, u)
,

where b and k are countries, and e(p, u) is an expenditure function measuring the mini-

mum cost of reaching the utility level u given the price vector p. When preferences are

homothetic, the Konüs index does not depend on the reference utility level.

PK(pb, pk) =
ē(pk)

ē(pb)
,

where ē(pk) = e(pk, 1) is the unit expenditure function.

The Konüs index is transitive when it does not depend on the reference utility level.
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Under homothetic preferences it is also the case that Paasche and Laspeyres price indexes

bound the Konüs indexes as follows:

P P
bk ≤ PK(pb, pk) ≤ PL

bk. (15)

Combining these two insights, Afriat realized that it follows that under homotheticity all

possible Laspeyres chaining paths between country b and country k are upper bounds

on the Konüs index between countries b and k (see also Varian 1983, and Dowrick and

Quiggin 1997). Similarly, all possible Paasche chaining paths are lower bounds. Taking

the minimum of the upper bounds and the maximum of the lower bounds it will in general

be possible to construct much tighter bounds on the Konüs cost of living index than the

direct Paasche and Laspeyres bounds in (15).

maxj,l,...,m{P P
bjP

P
jl · · ·P P

mk} ≤ PK(pb, pk) ≤ minj,l,...,m{PL
bjP

L
jl · · ·PL

mk}. (16)

Afriat (1972) shows that a necessary and sufficient condition for the data to be consistent

with utility maximizing behavior under homothetic preferences is that these bounds exist

(i.e., maxj,l,...,m{P P
bjP

P
jl · · ·P P

mk} < minj,l,...,m{PL
bjP

L
jl · · ·PL

mk}).
Supposing that the Afriat bounds exist, how can they be computed? Noting that

PL
bj = 1/P P

jb , it is first useful to rewrite the bounds as follows:

1

minj,l,...,m{PL
kjP

L
jl · · ·PL

mb}
≤ PK(pb, pk) ≤ minj,l,...,m{PL

bjP
L
jl · · ·PL

mk}. (17)

Now following Dowrick and Quiggin (1997) we define Mbk as:

Mbk = minj,l,...,m{lnPL
bj + lnPL

jl + · · · lnPL
mk}. (18)

It follows from (17) that

−Mkb ≤ ln[PK(pb, pk)] ≤Mbk. (19)

To compute the upper bound in (19) a directed graph (henceforth a digraph) denoted

by G can be constructed, where the directed edge from country b to country k has a weight

equal to ln(PL
bk). The upper bound Mbk in (19) is now given by the sum of the weights

on the shortest path from country b to country k. The lower bound is the negative of the

sum of the weights on the shortest path from k to b.

Some of the weights in G are negative. However, the shortest path and Afriat bounds
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exist as long as there are no negative cycles in G. A negative cycle arises when there exists

a country k such that Mkk < 0. Dijkstra’s algorithm cannot be used here to compute

the shortest paths since some of the weights are negative. The Floyd-Warshall algorithm

can be used instead. While it is slower than Dijkstra’s algorithm, it can compute shortest

paths in the presence of negative weights as long as there are no negative cycles.

5.2 Afriat’s bounds as performance criteria

In section 9 we use Laspeyres-Paasche bounds and the Afriat bounds in (19) in a novel way

as a performance criterion to evaluate the performance of competing multilateral methods.

In our empirical comparisons we use the ICP 2011 data set which contains 156 countries. A

multilateral comparison over 156 countries contains 12 090 distinct bilateral comparisons.

In principle, for each multilateral method we can check how many of these 12 090 bilaterals

lie within the Afriat bounds.

Before the Afriat bounds can be used in this way, one must first determine whether

there are any negative cycles in the graph G. If so, the Afriat bounds can only be used

on a subset of countries for which G does not contain any negative cycles. The simplest

case of a negative cycle is when PL
bk < P P

bk (i.e., Laspeyres is smaller than Paasche). This

corresponds to the situation where lnPL
bk + lnPL

kb < 0. This situation arises for 96 of the

12 090 bilateral comparisons in the ICP data set. Hence it follows immediately that the

graph G in the case of ICP 2011 contains negative cycles. Dowrick and Quiggin (1997)

were able to find a sample of 17 OECD countries for which in both 1980 and 1990 there are

no negative cycles in G. Similarly to Dowrick and Quiggin, we were able to find a sample

of 19 OECD countries within ICP 2011 for which it is possible to construct a graph G

containing no negative cycles. In section 9 we compute Afriat bounds defined on these 19

countries.

5.3 The Afriat multilateral index

Afriat’s approach can also be used to derive a multilateral method that is related to some

of the shortest path methods proposed in earlier sections of this paper. The bilateral

bounds in (19) are generally not transitive. Rather, we have that Mbk ≤Mbj +Mjk. This

implies that the indirect Afriat upper bound on the price index Pbk obtained by chaining

via country j is Mbj +Mjk which in general is greater than the direct Afriat upper bound
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Mbk. These bounds can be transitivized as follows:

M̃bk =
1

K

I∑
l=1

(Mbl −Mkl),

where l = 1, . . . , I indexes the countries in the comparison. It can be verified that M̃bk =

M̃bj + M̃jk. Hence multilateral Afriat bounds are provided by:

−M̃kb ≤ ln[PK(pb, pk)] ≤ M̃bk. (20)

These bounds are not as tight as the bilateral Afriat bounds as a result of the constraints

imposed by transitivity.

Following Dowrick and Quiggin (1997), a natural choice for an Afriat type multilateral

index for country k with b as the base is now given by

PA
k

PA
b

=
M̃bk − M̃kb

2
.

In general, the Afriat upper and lower bounds in (16) will be constructed from different

shortest path chains (i.e., the list of linking countries will be different). By contrast, our

shortest path chained Fisher index discussed in section 4.5 essentially solves the following

problem:

minj,l,...,m

{
ln

(
PL
bj

P P
bj

)
+ ln

(
PL
jl

P P
jl

)
+ · · ·+ ln

(
PL
mk

P P
mk

)}
. (21)

Let ch(PL
bk) and ch(P P

bk) denote the chained Laspeyres and Paasche price indexes obtained

by chaining along the optimal path in (21). The shortest path Fisher price index is then

calculated as follows:

SPF (LPS) =
√
ch(PL

bk)× ch(P P
bk).

In the special case where the Afriat upper and lower bounds in (20) exist and use the

same chain path, these bounds reduce to ch(P P
bk) and ch(PL

bk). In this case, the Afriat

multilateral index and the shortest path GEKS index computed using the LPS metric are

equivalent.
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6 ICP 2011

Since 2005, ICP is divided into six regional blocks (OECD-Eurostat, Latin America, Asia-

Pacific, Western Asia, Africa, and the CIS). Each country in ICP provides price data

for product categories within 155 basic heading that together cover all the components

of GDP. In our empirical comparisons we focus on the 110 basic headings that together

constitute household consumption. A basic heading is the lowest level of aggregation

for which expenditure data are available from the National Accounts for each country.

Examples of basic headings include Rice, Women’s footwear, Dental Services, and Postal

Services.

Each basic heading has its own product list. For example the list for the basic head-

ing “Rice” could consist of say Long grain rice, Jasmine Rice, Basmati Rice, White rice,

Medium Grain, Brown rice, and Short-grained rice. To ensure the prices are comparable,

the physical characteristics (e.g., the weight of the bag of rice) and the economic charac-

teristics (e.g., whether it is a brand) are specified. Each country collects multiple price

quotes from different locations on each product in a heading. These are then combined to

produce an average price for each product in each country.

All regions use the same list of basic headings. However each region chooses its own

list of products for each basic heading, subject to the constraint that a core list of products

are common to all regions. There is at least one core product for each basic heading. This

core list is ultimately used to link the regions.

The country-product-dummy (CPD) method of Summers (1973) is then used to con-

struct price indexes at basic heading level in each region. In an ICP context the CPD

method estimates a hedonic model separately for each basic heading in each region as

follows:

ln pk,n = Dδk +Gγn + ε,

where n indexes the products within the basic heading, and k the countries in the region. D

denotes a matrix of country dummy variables and G a matrix of product dummy variables.

The price index for each country for that basic heading is obtained by exponentiating the

estimated parameters on the country dummy variables:

pk = exp(δ̂k).

No dummy variable is included for the base country (k = 1), and its price index p1 is

normalized to 1. An important feature of CPD is that each country does not have to

26



price all the products in a basic heading. The minimum requirement for a product to be

included in the CPD regression is that it is priced by at least two countries. The properties

of CPD and its link with spatial chaining are explored further in the next section.

To link the regions, a variant on CPD proposed by Diewert (2008) is used. The

region-product-dummy (RPD) method is run separately for each basic heading, but this

time only over the core products that are common to all regions. All countries are included,

and country dummies are replaced by region dummies. Also, a base country is selected

for each region, and the prices of all products in a region are deflated by the within-region

CPD price indexes prior to estimating the RPD model. In this way price indexes for each

basic heading for every country in the comparison can be obtained.

In principle, once price indexes are available for all countries at basic heading level,

aggregate level global price indexes could now be computed using the GEKS method.

However, an additional complication in ICP is the requirement of within-region fixity. For

example, the relative price level of France and Germany in the global comparison must be

the same as in the OECD-Eurostat comparison. The exact way in which fixity is imposed

is not relevant here. It entails making a global GEKS comparison, as well as separate

GEKS comparisons for each region. The method referred to as the Country Approach

with Redistribution (CAR) is due to Kravis, Heston, and Summers (1982). Explanations

of the method can be found for example in Heston (2010) and Hill (2016).

There are two main reasons for the within-region fixity requirement. The first is po-

litical. The European Union (EU) uses the official EU results to calculate budget contribu-

tions and the disbursement of grants and aid, and hence only wants one set of within-EU

parities in the public domain. More generally, in other regions there is also concern that the

availability of multiple within-region parities could generate confusion. The second reason

is that within-region fixity ensures that within-region comparisons are not contaminated

by poor quality bilateral comparisons involving countries in other regions.

7 The Country Product Dummy (CPD) Method as

a Form of Spatial Chaining

As is made clear in section 6, the CPD method plays a crucial role in ICP. At the product

level expenditure weights are not available in ICP. In the case where the price tableau is
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complete (i.e., every country prices every product), CPD reduces to Jevons price indexes:

Pk
Pb

=
N∏
n=1

(
pkn
pbn

)1/N

,

where b and k are countries, and n indexes the products in the comparison. The Jevons

indexes are transitive when all countries are pricing the same list of products.

In the case where there are gaps in the price tableau, things are more complicated.

Consider the scenario depicted in Figure 6. In this example there are five countries, and

ten products. Country A prices products 1-4, country B products 1-6, country C products

5-9, country D products 7-10, and country E only product 10. It follows that country

A can be compared directly only with B, B directly only with A and C, C only with B

and D, D only with C and E, and E only with D. Nevertheless, CPD is able to make a

multilateral comparison involving all five countries. The only way to compare countries A

and C for example is by chaining via country B. CPD in this case is equivalent to chaining

Jevons price indexes (where each bilateral comparison is made over the maximum possible

overlap of products) across a chain graph (see Figure 1) that links the countries in the

following order: A,B,C,D,E. This equivalence in Figure 6 between CPD and a chain

graph is proved for the more general K country case in Appendix C.

Another scenario is considered in Figure 7. In this case all the products are priced

by country A. The other countries each price nonoverlapping subsets of the products. All

the countries can be compared with country A. However, they can only be compared with

each other by chaining via country A. Hence CPD is equivalent now to chaining Jevons

indexes across a star graph (again see Figure 1), with country A at the center of the star.

Figures 6 and 7 are examples of a more general principle. CPD is equivalent to

chaining Jevons indexes across a spanning tree when the countries are connected and for

each pair of countries one of the following conditions is satisfied:

(i) there is no overlap of products.

(ii) when there is an overlap only these two countries price these products.

In case (i), the edge between this pair of countries is excluded from the graph. In case (ii),

the edge is included.

When some products are priced by three or more countries, then CPD is no longer

equivalent to chaining Jevons indexes across a spanning tree. Nevertheless, whenever there

are gaps in the price tableau, implicitly some form of chaining takes place. For example,

consider the scenario depicted in Figure 8, where there are three countries and six products.
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Figure 6: An Incomplete Price Tableau that Makes Country-Product Dummy (CPD)
Equivalent to Chaining Across a Chain Graph
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The CPD method is equivalent here to chaining Jevons indexes across the Chain Graph
(A,B,C,D,E).
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Figure 7: An Incomplete Price Tableau that Makes Country-Product Dummy (CPD)
Equivalent to Chaining Across a Star Graph
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The CPD method here is equivalent to chaining Jevons across the Star Graph with A at
the center.
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Figure 8: An Incomplete Price Tableau in which Country-Product Dummy (CPD) Is Not
Equivalent to Chaining Across a Spanning Tree
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Country A prices all six products, country B prices products 1-4, and country C prices

products 3-6.

It is possible to compare these three countries without using spatial chaining. We

can compute Jevons indexes between each pair of countries and then use the GEKS tran-

sitivization formula. The Jevons indexes here are not transitive, since each is defined over

a different list of products.

P J
1,2 =

4∏
n=1

(
pkn
pbn

)1/4

, P J
1,3 =

6∏
n=3

(
pkn
pbn

)1/4

, P J
2,3 =

4∏
n=3

(
pkn
pbn

)1/2

This, however, is not what CPD does. The comparison between say countries A and B,

depends not just on products 1-4, but also on products 5 and 6, which are not priced by

country B. Essentially, the direct comparison between countries A and B is reinforced by

an indirect comparison via country C.

8 An Application to ICP 2011

8.1 Comparing real incomes computed using purchasing power

parity (PPP) exchange rates

The multilateral methods compared here are as follows:
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• MST(LPS) = Minimum Spanning Tree using LPS metric;

• SP-GEKS(LPS) = Shortest path GEKS using LPS metric;

• SPU-WGEKS(LPS) = Shortest path union weighted GEKS using LPS metric;

• SPS-WGEKS(LPS) = Shortest path sum weighted GEKS using LPS metric;

• MST(WRPD) = Minimum Spanning Tree using WRPD metric;

• SP-GEKS(WRPD) = Shortest path GEKS using WRPD metric;

• SPU-WGEKS(WRPD) = Shortest path union weighted GEKS using WRPD metric;

• SPS-WGEKS(WRPD) = Shortest path sum weighted GEKS using WRPD metric;

• GEKS;

• Official ICP 2011 Results.

The purchasing power parity (PPP) exchange rates and real per capita household incomes

for each method are shown in Appendix D. The results for a selection of countries are

provided in Table 1.

Table 1: Per Capita Consumption in US Dollars for Selected Countries

LPS SP-GEKS MST SPU-WGEKS GEKS

P.R. China 3388.1 3434.7 3303.7 3362.7
Hong Kong 28642.8 28340.5 29847.5 30914.5
India 2626.4 2657.5 2634.8 2664.3
Australia 22207.7 21913.5 22693.7 23225.6
Japan 19369.2 19164.4 19340.1 18936.7
Luxembourg 24608.6 24598.4 23325.3 23829.4
Ethiopia 865.6 628.2 848.6 878.1

WRPD SP-GEKS MST SPU-WGEKS GEKS

P.R. China 3214.3 3284.7 3244.8 3362.7
Hong Kong 29748.7 29986.2 29912.8 30914.5
India 2631.3 2648.3 2608.8 2664.3
Australia 22013.4 22246.4 22143.0 23225.6
Japan 18766.6 19435.9 18955.7 18936.7
Luxembourg 25724.1 26089.2 25821.2 23829.4
Ethiopia 821.3 838.8 835.7 878.1
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Table 2 shows the average percentage difference in per capita consumption between

GEKS and each of the spatial chaining multilateral methods. Also shown is the minimum

and maximum change differences all countries. It can be seen that the average differences

are not that small. For example, for the SPU-WGEKS(WRPD) method, the average

difference is 4.09 percent. In other words, the choice between GEKS and spatial chaining

is not of merely academic interest. Also, it is noticeable that for all spatial chaining

methods, average per capita consumption measured in US dollars is smaller than under

GEKS. In otehr words, the gap between the USA per capita income and the rest of the

world is smaller under spatial chaining.

Table 2: Percentage Differences in Per Capita Consumption Relative to GEKS
(with USA as Base)

Min Diff Max Diff Average Diff

SP-GEKS(LPS) -12.99 20.64 4.90
MST(LPS) -13.64 28.46 7.62
SPU-WGEKS(LPS) -8.73 11.60 2.64
SP-GEKS(WRPD) -7.95 12.51 5.61
MST(WRPD) -9.48 14.42 4.36
SPU-WGEKS(WRPD) -8.36 11.81 4.09

Note:

The percentage differences are calculated as follows. First, per capita consumption in US dollars is

computed for each country for each multilateral method. Then the difference in per capita consumption

for each multilateral method relative to GEKS is computed as follows: 100(GEKS - Method)/GEKS. The

minimum, maximum and average differences across all 156 participating countries are reported above.

This relationship is further explored in Figure 9. It can be seen that for all six spatial

chaining methods considered in Figure 9, the difference between GEKS and the spatial

chaining results, decreases slightly as per capita income rises.

The aggregate effect of these differences at the global and regional level is shown in

Table 3. Overall, the impact seems to be biggest in the CIS and Western Asia regions,

averaging 5.27 and 4.88 percent respectively.

More generally, the difference in the results between each pair of methods can be

measured as follows. Let P i
bk denote the price index for country k with b as the base

country, computed using PPP method i. The dissimilarity in the results of methods i and
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Figure 9: Difference with GEKS as a Function of Per Capita Consumption
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Figure 9: Difference with GEKS as a Function of Per Capita Consumption (continued)

 

j is given by:

Zij =

√√√√√ 1

K(K − 1)
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(P j

bk

P i
bk

− 1

)2

+

(
P i
bk

P j
bk

− 1

)2
.

The results are presented as a matrix in Table 4. The Z statistic uses the same basic

formula as the distance metric WRPD, except now that it compares a pair of multilateral

methods rather than a pair of countries. Z measures the difference in the aggregate price

indexes across countries, using each country in turn as the base, while WRPD measures

differences in the prices of the basic headings across a pair of countries. The Z statistic is

essentially a symmetric version of the more familiar root mean squared error.

The matrix of Z statistics is presented in Table 4. Of particular interest is how each

method differs from the basic GEKS method. The main themes that emerge are as follows:

First, each WPRD is closer to GEKS than its LPS counterpart. Second, the minimum

spanning tree method is the most different from GEKS. Third, the method that is closest

to GEKS is weighted GEKS on the union of shortest paths SPU-WGEKS(WRPD). This

is not surprising since it has a weights matrix (7) that is not that different from the

GEKS weights matrix (which consists of ones everywhere except on the lead diagonal).
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Table 3: Percentage Differences in World and Regional Consumption Relative
to GEKS (with USA as Base)

SP-GEKS(LPS) MST(LPS) SPU-WGEKS(LPS)

World consumption 2.30 3.11 1.45
Africa 2.30 4.61 2.98
Asia-Pacific 1.23 1.22 1.79
CIS 6.49 5.67 4.25
OECD-Eurostat 2.37 3.13 1.06
Latin America 2.58 5.33 -0.52
Western Asia 2.38 7.07 2.59

SP-GEKS(WRPD) MST(WRPD) SPU-WGEKS(WRPD) Average

World consumption 3.63 2.81 2.90 2.70
Africa 4.74 3.34 4.29 3.71
Asia-Pacific 3.56 2.27 3.21 2.21
CIS 5.54 6.69 2.96 5.27
OECD-Eurostat 2.97 2.21 2.27 2.33
Latin America 6.48 5.47 4.88 4.04
Western Asia 5.95 5.80 5.51 4.88

Note:

The percentage differences are calculated as follows. First, total consumption measured in US dollars is

computed for each country in US dollars using each multilateral method. Then consumption is summed

across all countries in the region. The average difference in consumption for each multilateral method

relative to GEKS is computed as follows: 100 (GEKS - Method)/GEKS.

Fourth, and related to this, the three shortest path WRPD methods all generate quite

similar results. Finally, the official ICP 2011 results are more similar to the three shortest

path chaining WRPD methods than to GEKS. This indicates that the regional fixity

requirement in ICP 2011, acts to move GEKS slightly in the direction of spatial chaining.

8.2 Within-region chain paths

Countries in the same region will tend to have more similar economic structures. The

proportion of within-region links in shortest paths, therefore, can be interpreted at a

criterion for comparing the performance of LPS and WRPD. A lower proportion of within-

region links indicates more noise in the results. There is another reason for preferring

within-region comparisons. The regionalized structure of ICP implies that there is greater

harmonization of the underlying product lists for two countries in the same region than in

a comparison across regions.

The number of within-region links are shown in Table 1. For example, there are
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Table 4: Differences in the ICP 2011 Purchasing Power Parity (PPP) Exchange
Rates as Measured by the Z Statistic

A B C D E F G H I J

A 0.000 0.109 0.121 0.108 0.162 0.141 0.143 0.141 0.148 0.117
B 0.109 0.000 0.069 0.025 0.110 0.093 0.094 0.092 0.096 0.168
C 0.121 0.069 0.000 0.054 0.087 0.062 0.055 0.060 0.059 0.087
D 0.108 0.025 0.054 0.000 0.105 0.085 0.085 0.084 0.086 0.111
E 0.162 0.110 0.087 0.105 0.000 0.056 0.068 0.056 0.081 0.055
F 0.141 0.093 0.062 0.085 0.056 0.000 0.032 0.011 0.051 0.067
G 0.143 0.094 0.055 0.085 0.068 0.032 0.000 0.028 0.046 0.058
H 0.141 0.092 0.060 0.084 0.056 0.011 0.028 0.000 0.050 0.056
I 0.148 0.096 0.059 0.086 0.081 0.051 0.046 0.050 0.000 0.063
J 0.117 0.168 0.087 0.111 0.055 0.067 0.058 0.056 0.063 0.000

Note:

The multilateral PPP methods are as follows: A = MST (LPS); B = Shortest path GEKS (LPS); C =

Weighted GEKS on the union of shortest paths (LPS); D = Weighted GEKS on the sum of shortest paths

(LPS); E = MST (WRPD); F = Shortest path GEKS (WRPD); G = Weighted GEKS on the union of

shortest paths (WRPD); H = Weighted GEKS on the sum of shortest paths (WRPD); I = GEKS; J =

Official ICP 2011 Results.

50 participating countries in Africa in ICP 2011. This means that there are 1225 distinct

bilateral pairing of African countries. Of these, based on the LPS criterion, only 150 of the

1225 shortest paths between pairs of African countries stay in Africa (i.e., do not involve

countries from other regions). For WRPD the number of within-region shortest paths is

much higher at 564. Similar results are obtained for the other five regions. In all cases,

the number of within-region shortest paths are higher for WRPD. Part of the explanation

for this finding is that the WRPD measure is more conservative than LPS in the sense

that it is less likely to replace a direct comparison with a chained one. On average, 29.7

out of 155 of the shortest paths between the reference country and the other countries in

the WRPD shortest path spanning trees are direct comparisons, as compared with only

8.3 in the LPS shortest path spanning trees.

The number of within-region paths in the minimum-spanning trees are also shown

in Table 1. Again, there are more within-region paths for WRPD than for LPS. It is

also noticeable that there are far less within-region paths in the minimum spanning trees

than in the shortest path spanning trees. This is because there is only one minimum

spanning tree, while each country has its own shortest path spanning tree. Hence the

paths between pairs of countries in the minimum spanning tree are more constrained due
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Table 5: Within and Between Region Links in Shortest Path and Minimum
Spanning Trees

Total bilaterals Shortest paths without MST without
LPS external countries external countries
Africa 1225 150 29
Asia Pacific 253 43 14
CIS 36 6 0
EU-OECD 1035 101 42
Latin America 120 53 7
West Asia 55 14 6
WRPD
Africa 1225 564 47
Asia Pacific 253 127 22
CIS 36 15 5
EU-OECD 1035 324 45
Latin America 120 75 12
West Asia 55 22 8

to the requirement of transitivity than the shortest paths.

8.3 Robustness to country deletion – Jackknife standard errors

The robustness of a method to deletion of countries can be checked by computing Jackknife

standard errors. First, a base country b is selected. Then a country j 6= b is deleted from

the comparison, and then a price index for country k where k 6= b and k 6= j is computed.

Then a different country j is deleted from the comparison and the price index for country

k is recomputed. In this way I − 2 distinct price indexes for country k can be computed

(when there are I countries in the overall comparison). The standard error of these I − 2

price indexes is then computed. We denote this standard error by Jbk.

Here we use the USA as the base country. The Jackknife results in Table 6 are averages

across all countries, where the average is computed as an arithmetic mean, median, and

geometric mean. Three main results emerge from Table 6. First, the results for each

method are highly skewed, as evidenced by the arithmetic means being much larger than

the medians and geometric means. This means that the results for a few countries are

far more sensitive than the rest to the deletion of countries from the comparison. Most

of these highly sensitive countries are in Africa and the Asia-Pacific regions. Second,

38



irrespective of which average we consider, the GEKS method generates results that are

the least sensitive to the deletion of countries. The MST method is the most sensitive to

country deletion. Third, the spatial chaining methods are less sensitive to country deletion

when the distance metric WRPD is used in preference to LPS.

Table 6: Jackknife Results

A B C D E F G H I
Mean 60.718 28.062 11.418 19.461 39.611 9.328 6.648 8.536 2.190
Median 0.972 0.523 0.359 0.398 0.639 0.186 0.161 0.196 0.046
Geomean 0.473 0.752 0.446 0.577 0.573 0.280 0.220 0.298 0.073

Note:

The PPP methods are again as follows: A = MST (LPS); B = Shortest path GEKS (LPS); C = Weighted

GEKS on union of shortest paths (LPS); D = Weighted GEKS on sum of shortest paths (LPS); E = MST

(WRPD); F = Shortest path GEKS (WRPD); G = Weighted GEKS on union of shortest paths (WRPD);

H = Weighted GEKS on sum of shortest paths (WRPD); I = GEKS.

While less sensitivity to country deletion is desirable, it is not the only criterion by

which to judge the performance of multilateral methods. We turn to these other criteria

in the next section.

9 Bounds On Bilateral Indexes as Performance Cri-

teria

9.1 Laspeyres-Paasche bounds

It was noted in section 5 that under homothetic preferences the Konüs cost of living index is

bounded by Paasche and Laspeyres price indexes.6 From our perspective departures from

homotheticity imply that the price indexes no longer need to be bounded by both Paasche

and Laspeyres. Nevertheless, there is no reason to expect nonhomotheticity to push the

price indexes in any particular direction. Hence the Laspeyres-Paasche bounds are still a

useful criterion for comparing the performance of multilateral methods. Similarly, given

that the price and expenditure data represent whole countries rather than individuals, and

that these data are measured imprecisely, we should not necessarily expect the data to

6Furthermore, Paasche and Laspeyres bound the superlative Fisher and Walsh indexes (see Diewert
1976, 1978).
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be entirely consistent with utility maximizing behavior. But again the Laspeyres-Paasche

bounds are still a useful benchmark.

Our claim therefore is that a better performing multilateral method should generate

bilaterals that more often lie within the Laspeyres-Paasche bounds.

As has been noted previously, a multilateral comparison between I countries contains

I(I − 1)/2 distinct bilateral comparisons. Here given I = 156, we have 12 090 bilaterals.

Laspeyres exceeds Paasche for 11 994 of these. Focusing on these 11 994 bilaterals we count

the number of times the bilaterals contained within each multilateral method lie within

these Laspeyres-Paasche bounds. The results are shown in Table 7.

Table 7: Comparing the Performance of Multilateral Methods Using
Laspeyres-Paasche Bounds and Afriat Bounds

Satisfy P-L Bounds Satisfy GL-GP Bounds Satisfy Afriat Bounds

MST(LPS) 9 296 4 460 145
SP-GEKS(LPS) 10 506 5 584 151
SPU-WGEKS(LPS) 11 292 6 624 154
SPS-WGEKS(LPS) 10 792 5 885 158
MST(WRPD) 10 816 6 129 126
SP-GEKS(WRPD) 11 316 7 212 128
SPU-WGEKS(WRPD) 11 357 7 553 129
SPS-WGEKS(WRPD) 11 350 7 309 124
GEKS 11 305 7 269 122
Maximum possible 11 994 12 090 171

Notes:

LPS and WRPD refer to the distance metrics defined in (10) and (11). W-GEKS is the weighted GEKS

method (see section 2.4), MST is the minimum spanning tree method (see section 3.1), SP-GEKS is the

the shortest path GEKS method (see section 4.5), W-GEKS-USP is the weighted GEKS method applied

to the union of shortest paths graph (see section 4.6), and W-GEKS-SSP is the weighted GEKS method

applied to the sum of shortest paths graph (see section 4.7).

9.2 Geometric Laspeyres and Paasche bounds

Geometric Laspeyres (GL) and geometric Paasche (GP) price indexes are defined as fol-

lows:

PGL
jk =

N∏
n=1

[(
pkn
pjn

)sjn]
,

PGP
jk =

N∏
n=1

[(
pkn
pjn

)skn]
.
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Under constant elasticity of substitution (CES) preferences, PGL
jk > PGP

jk when the

elasticity of substitution is less than one. Conversely, PGL
jk < PGP

jk when the elasticity of

substitution is greater than one. In the special case of Cobb-Douglas preferences (where

the elasticity equals one), then PGL
jk = PGP

jk .

The important point here is that there is no particular reason to expect that PGL
jk >

PGP
jk even under the assumption of utility maximizing behavior. This is indeed borne out

by the data. In about two-thirds of our bilateral comparisons, PGL
jk < PGP

jk .

While it is not generally true under homotheticity that GL and GP bound the Konüs

cost of living index, these bounds do apply when preferences are described by the homo-

thetic translog utility function, which is a flexible function form (see Diewert 1976). Also,

GL and GP bound the superlative Törnqvist index. Even assuming translog preferences,

income effects, measurement error in the data, and the aggregated nature of the data

again imply that one cannot expect the bilateral price indexes subsumed within a broader

multilateral comparison to always lie within the GL and GP bounds. Furthermore, the

GL and GP bounds are tighter than the Laspeyres-Paasche bounds. Nevertheless, our

previous claim still applies here as well. A better performing multilateral method should

generate bilaterals that more often lie within the GL-GP bounds.

Focusing on all 12 090 bilaterals we count the number of times the bilaterals contained

within each multilateral method lie within the GL-GP bounds. The results are again shown

in Table 7.

9.3 Afriat bounds

As was explained in section 5.2, we are able to construct Afriat bounds for a sample of

19 OECD countries.7 For these countries the complete diagraph G does not contain any

negative cycles. It follows that under homothetic preferences the Konüs cost of living

index is bounded by the Afriat bounds.

Focusing on the 171 bilaterals between these 19 countries we count the number of

times the bilaterals contained within each multilateral method lie within the Afriat bounds.

The results are again shown in Table 7.

7The list of countries is as follows: CAN = Canada; DNK = Denmark; DEU = Germany; NLD =
Netherlands; NOR = Norway; GBR = UK; USA = USA; AUS = Australia; BEL = Belgium; AUT =
Austria; ESP = Spain; PRT = Portugal; ITA = Italy; GRC = Greece; RUT = Russia; SWE = Sweden;
CHE = Switzerland; POL = Poland; ISR = Israel.
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9.4 Interpreting the bounds results

A few themes emerge from Table 7. First, the WRPD measure performs better than

the LPS measure according to both the Laspeyres-Paasche and GL-GP bounds. For the

Afriat bounds, the reverse result is observed. This reversal can be attributed to the Afriat

bounds being constructed from chained Paasche and Laspeyres price indexes. WRPD is

more conservative than LPS as documented in section 8.2 in the sense that it generates

shortest paths that tend to contain less edges. In a comparison between WRPD and LPS,

the Laspeyres-Paasche and GL-GP bounds are a more reliable guide. Hence our conclusion

is that WRPD should be preferred to LPS. Second, both minimum-spanning tree methods

(MST-LPS and MST-WRPD) perform worse than GEKS. Hence it is not recommended

to use MST methods in ICP.

Third, all Shortest path methods based on the WRPD metric outperform GEKS.

Overall, the best performing method is SP-Union-WGEKS(WRPD) (see section 4.5) fol-

lowed by SP-Sum-WGEKS(WRPD) (see section 4.6), and then SP-GEKS(WRPD) (see

section 4.4). These methods, especially SP-Union-WGEKS(WRPD), deserve consideration

in future rounds of ICP.

10 Conclusion

This paper provides new methods for spatial chaining based on the concept of minimum

distance. By selecting proper distance measures, we are able to link minimum distance

with increased reliability. We note that WRPD is a stricter measure than LPS and in a

conceptual sense, we prefer WRPD to LPS for computing shortest paths.

The GEKS method is currently the most widely used for making international com-

parisons. Hence it provides the benchmark against which we compare our spatial chaining

methods. GEKS in its unweighted form treats all binaries equally and also starts from the

notion that the best way to compare two countries is a direct binary. As a corollary, GEKS

generates transitive comparisons treating all binaries with equal weight. In contrast, our

starting point was to question this assumption and try to find chained comparisons which

are superior to direct binary comparisons.

Two ways of spatial chaining are by constructing minimum spanning trees or shortest

path spanning trees defined on a suitable distance metric (here we focus on WRPD and

LPS). A minimum spanning tree by construction generates transitive (i.e., multilateral)

price indexes. Since each country has its own shortest path spanning tree, shortest path
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multilateral methods still need to find a way to impose transitivity. Here we focus on using

either GEKS or weighted GEKS. We find that shortest path chaining clearly outperforms

chaining across a minimum spanning tree.

Spatial chaining is already used indirectly to some extent in ICP 2011. Imposing

regional fixity brings in a degree of spatial chaining. Also, the country product dummy

(CPD) method used in ICP 2011 to construct the basic heading price indexes can be

interpreted under certain conditions as a form of spatial chaining. The Afriat index, which

has received some attention in the academic literature, represents yet another variant on

spatial chaining.

In terms of performance, based on three different sets of bounds criteria, we find that

our shortest path methods outperform MST methods. Shortest path union weighted GEKS

(SPU-WGEKS) performs better with WRPD than with LPS. SPU-WGEKS is weighted

GEKS with weight 1 for bilateral comparisons that appear in at least one shortest path

spanning tree and 0 otherwise. This seems to make use of the information more efficiently

that unweighted GEKS applied to all the shortest paths. Furthermore, our shortest path

methods using the WRPD distance metric outperform GEKS.

Spatial chaining methods lead to significant differences in real per capital consumption

compared to GEKS. This has implications for poverty analysis. However it does not seem

to have much effect on inequality.

In conclusion, our preferred shortest path method is SPU-WGEKS using WRPD.

This method is a viable alternative to GEKS in international comparisons.
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Appendix A: Using Weighted-GEKS to Chain Across a Spanning

Tree

Suppose there are j = 1, . . . ,M countries and i = 1, . . . , N commodities, pij represents the

price of i-th item in j-th country expressed in local currency units; and let πij represents

log of purchasing power parity of j-th country with respect to country k.

Proposition: Suppose weights wjk are defined such that wjk = 1 if country j is directly

connected to country k in a spanning tree and zero otherwise. Then the indexes obtained

by chaining across the spanning tree are equal to the indexes obtained using a weighted

GEKS framework with weights wjk.

Proof : To prove this proposition, we use induction i.e. we first prove that it is true for 3
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countries, then we assume that it is true for M − 1 countries and relying on that we prove

it is true for M countries.

Suppose that we have 3 countries, without loss of generality we can assume that the span-

ning tree is of the form shown in Figure 10.

Figure 10: A Spanning Tree Defined on Three Countries

1 2 3
t t t

Based on this spanning tree, the indexes are defined as
π12 = lnF12

π23 = lnF23

π13 = lnF12 + lnF13

(22)

where πjk i the log of the purchasing power parity exchange rate of country j with respect

to country k and Fjk denotes the Fisher index.

Weighted GEKS using the spanning tree weights is defined as follows

Minπ1,π2,π3 Σ3
j=1Σ

3
j=1wjk[lnFjk − πj + πi]

2 (23)

where wjk = 1 if country j is directly connected to country k and zero otherwise. To see

that the indexes by chaining across the spanning tree and from weighted GEKS for the

above problem are the same, note that we can write (23) as

Minπ1,π2,π3 2[lnF12 − (π1 − π2)]2 + 2[lnF23 − (π2 − π3)]2. (24)

Taking derivatives with respect to π1,π2 and π3 we can write
−2[lnF12 − (π1 − π2)] = 0

2[lnF12 − (π1 − π2)]− 2[lnF23 − (π2 − π3)] = 0

2[lnF23 − (π2 − π3)] = 0

(25)
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From the first and the last equations in (25) we have

π12 = π1 − π2 = lnF12 (26)

π23 = π2 − π3 = lnF23. (27)

Adding these (26) and (27) results in

π13 = π1 − π3 = lnF12 + lnF23 (28)

which proves the claim for 3 countries.

Now assume that the claim is true for any spanning tree defined on M − 1 countries,

then we can prove that the claim is true for M countries. We start with the fact that if

we have a spanning tree for M countries, there must be a country that is only connected

to one other country, and the remaining M − 1 countries are connected by a spanning tree

defined on this subset. Without loss of generality assume that this country is country-1

that is connected to country-2 and let country l be the base country. Then the equivalent

weighted GEKS indexes can be written as

Minπ1,...,πM ΣM
j=2Σ

M
j=2wjk[lnFjk − πj + πi]

2 + [lnF12 − π1 + π2]
2. (29)

Taking derivatives with respect to πj for j = 1, ...,M we have

−2[lnF12 − (π1 − πl) + (π2 − πl)] = 0
∂
∂π2

ΣM
j=2Σ

M
j=2wjk[lnFjk − πj + πi]

2 + 2[lnF12 − π1 + π2] = 0
∂
∂π3

ΣM
j=2Σ

M
j=2wjk[lnFjk − πj + πk]

2 = 0
...
∂

∂πM
ΣM
j=2Σ

M
j=2wjk[lnFjk − πj + πk]

2 = 0

(30)

Note that from the first equation in (30), we can write 2(lnF12 − πj + πk)
2 = 0. There-

fore equation 2 to M are first order conditions of the following weighted GEKS problem

(independent of π1).

Minπ2,...,πM ΣM
j=2Σ

M
j=2wjk[lnFjk − πj + πi]

2 (31)

But we know that there is a path in the spanning tree that connects countries 2 to M and

therefore the claim is true for π2l to πNl . It only remains to show that the proposition is
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also true for π1l. Note that from equation-1 we can write

lnF12 − (π1 − πl) + (π2 − πl)] = 0⇒ π2l = lnF12 (32)

which proves the proposition because country-1 is only connected to country-2 and the

claim is true for π2l.

Appendix B: Foundations of LPS and WRPD as Spatial Chaining

Criteria

Foundations of LPS

The following text builds on Deaton (2012). A bilateral version of the CPD model writes

the logarithm of the price of heading n in countries j and k as the sum of three components:

ln pjn = αj + βn + εkjn, (33)

ln pkn = αk + βn + εjkn, (34)

where αk is a country effect, βn is a heading effect, and εkjn and εjkn are residuals. It should

be noted that the size of the residual in country j depends on which country k it is being

compared with.

Laspeyres and Paasche price indexes can be written as follows:

PL
jk =

N∑
n=1

sjn

(
pkn
pjn

)
,

P P
jk =

[
N∑
n=1

skn

(
pjn
pkn

)]−1
,

where sjn and skn are the expenditure shares of heading n in countries j and k. It follows

from (33) and (34) that
pkn
pjn

=
exp(αk) exp(εjkn)

exp(αj) exp(εkjn)
.

Substituting this expression into the Laspeyres and Paasche formulas, the logarithm of the

Paasche-Laspeyres spread can be written as follows:

ln(PL
jk/P

P
jk) = ln

[
N∑
n=1

(sjn exp(εjkn − ε
k
jn)

]
+ ln

[
N∑
n=1

(skn exp(εkjn − ε
j
kn)

]
.
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Taking a second order expansion of exp(εjkn − εkjn) yields the following:

ln(PL
jk/P

P
jk) ≈ ln

[
1 +

N∑
n=1

sjn(εkjn − ε
j
kn) +

N∑
n=1

sjn
(εkjn − ε

j
kn)2

2

]

+ ln

[
1 +

N∑
n=1

skn(εjkn − ε
k
jn) +

N∑
n=1

skn
(εkjn − ε

j
kn)2

2

]

≈ ln

[
1 +

N∑
n=1

(sjn − skn)(εjkn − ε
k
jn) +

∑N
n=1(sjn + skn)(εkjn − ε

j
kn)2

2

+
N∑
m=1

N∑
n=1

sjmskm(εkjm − ε
j
km)(εkjn − ε

j
kn)

]

≈
N∑
n=1

(sjn − skn)(εjkn − ε
j
jn) +

∑N
n=1(sjn + skn)(εkjn − ε

j
kn)2

2
.

This same formula is derived by Deaton (2012) except that the residuals in Deaton’s

formulation are not explicitly bilateral in nature. This formula can be rewritten as

ln(PL
jk/P

P
jk) ≈

N∑
n=1

(sjn − skn)(εjkn − ε
k
jn) +

N∑
n=1

(sjn + skn)

2
[(εkjn)2 + (εjkn)2 − 2εkjnε

j
kn].

Taking expectations we obtain that

E
[
ln(PL

jk/P
P
jk)
]
≈ (σkj )2 + (σjk)

2 − 2σjk, (35)

where it is assumed that the variances σkj and σjk on all headings are the same (hence

allowing the subscript n to be dropped). The covariance term σjk is negative, since by

construction εkjn and εjkn have opposite signs.

Consider now the Jevons price index formula:

P J
jk =

N∏
n=1

(
pkn
pjn

)1/N

.

If we assume again the CPD price structure and that the covariances across all headings

are zero and the variances across all headings are the same, the variance of the logarithm
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of the Jevons index can be written as follows:

var[ln(P J
jk)] =

(σkj )2 + (σjk)
2 − 2σjk

N
.

It follows that

E
[
ln(PL

jk/P
P
jk)
]
≈ N × var[ln(P J

jk)].

Jevons price indexes are transitive. In other words, lnP J
jk + lnP J

kl = lnP J
jl . Once the

expenditure weights across countries and headings are allowed to differ, the price index

ceases to be transitive. In this more general case, the sum of the logarithms of the Paasche-

Laspeyres spreads along a chain path can still be interpreted as an approximate measure

of the variance of the chained price index.

E[ln(PL
jk/P

P
jk)] + E[ln(PL

kl/P
P
kl )] ≈ N [var(lnPjk) + var(lnPkl)],

where Pjk is a superlative formula such as Fisher or Törnqvist. This equation can be

rewritten as:

E[ln(PL
jk/P

P
jk)] + E[ln(PL

kl/P
P
kl )] ≈ N [var(lnPjk + lnPkl)− 2 cov(lnPjk, lnPkl)]. (36)

The covariance term in (36) should tend to be positive. This is because if country k is

an outlier in its economic structure, then the residuals in both bilateral comparisons will

tend to be high. Conversely, when k is closer to the average, the residuals in both bilateral

comparisons will tend to be smaller.

Assuming the covariance is positive, it follows that

E[ln(PL
jk/P

P
jk)] + E[ln(PL

kl/P
P
kl )] > N [var(lnPjk + lnPkl)],

and hence that

E[ln(PL
jk/P

P
jk)] + E[ln(PL

kl/P
P
kl )] < E[ln(PL

jl/P
P
jl )⇒ var(lnPjk + lnPkl) < var(lnPjl).

This suggests that the chained LPS being smaller than the direct LPS is a sufficient con-

dition for preferring a chained comparison between countries j and l via country k to a

direct comparison between j and l.

Foundations of WRPD
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Turning now to the WRPD metric, this is defined as follows:

DWRPD
jk =

N∑
n=1


(
sj,n + sk,n

2

)( pk,n
P F
jk × pj,n

− 1

)2

+

(
P F
jk × pj,n
pk,n

− 1

)2
 .

One interpretation of the CPD residuals in a bilateral setting is as follows:

exp
(
εkjn
)

=
P F
jk × pj,n
pk,n

,

exp
(
εjkn
)

=
pk,n

P F
jk × pj,n

.

The exponent of the CPD residual on heading n in country k in a bilateral comparison

with country j with j is the base is defined here as the ratio of the observed price relative

pk,n/pj,n for heading n to the Fisher price index P F
jk between countries j and k. If pk,n/pj,n

is greater (less) than P F
jk then the residual is positive (negative).

Taking a second order expansion of exp(εkjn) and exp(εjkn) and rearranging we obtain

that

εkjn +
(εkjn)2

2
≈
P F
jk × pj,n
pk,n

− 1,

εjkn +
(εjkn)2

2
≈ pk,n
P F
jk × pj,n

− 1.

DWRPD
jk can be rewritten as follows:

DWRPD
jk ≈

N∑
n=1


(
sj,n + sk,n

2

)(εkjn +
(εkjn)2

2

)2

+

(
εjkn +

(εjkn)2

2

)2


=
N∑
n=1

{(
sj,n + sk,n

2

)[
(εkjn)2 + (εkjn)3 +

(εkjn)4

4
+ (εjkn)2 + (εjkn)3 +

(εjkn)4

4

]}
.

Assuming that |εkjn| < 1 and |εjkn| < 1, the terms (εkjn)4/4 and (εjkn)4/4 both approximately

equal zero. Also, given the symmetric nature of the comparison between countries j and

k there is no reason to expect skewness in the residuals. Hence taking expectations we

obtain that

E(DWRPD
jk ) ≈ (σkj )2 + (σjk)

2.
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From (35) it can now be seen that LPS and WRPD are related as follows:

E(DWRPD
jk ) ≈ E[ln(PL

jk/P
P
jk)] + 2σjk. (37)

A variant on WRPD, denoted here by W2, that more closely approximates LPS is

the following:

DW2
jk =

N∑
n=1


(
sj,n + sk,n

2

)( pk,n
P F
jk × pj,n

− 1

)2

− 2

(
pk,n

P F
jk × pj,n

− 1

)(
P F
jk × pj,n
pk,n

− 1

)

+

(
P F
jk × pj,n
pk,n

− 1

)2
 .

When the terms E[εkjn(εjkn)2/2] and E[εjkn(εkjn)2/2] are small:

E(DW2
jk ) ≈ E[ln(PL

jk/P
P
jk)].

Returning to WRPD, consider again a chained comparison between countries j and

l via country k. From (37), the LPS and WRPD criteria in a chained comparison are

related as follows:

E[ln(PL
jk/P

P
jk)] + E[ln(PL

kl/P
P
kl )] < E[ln(PL

jl/P
P
jl )]

⇔ E(DWRPD
jk ) + E(DWRPD

kl ) + 2(σjl − σjk − σkl) < E(DWRPD
jl ).

Hence differences in the LPS and WRPD chaining paths arise from intransitivities in the

bilateral covariance terms. Empirically it seems that σjl−σjk−σkl < 0, since the shortest

path is more often a direct comparison for WRPD than for LPS.

This suggests that WPRD is a more conservative metric than LPS for constructing

shortest paths in the sense that it less likely to replace a direct comparison with a chained

one. Which should be preferred therefore may depend on how conservative one wants to

be with replacing direct comparisons with chained ones.

Appendix C: CPD as a Form of Spatial Chaining

The Country Product Dummy (CPD) method makes use of spatial chaining. To show

this, we consider a situation where there are j = 1, . . . ,M countries and i = 1, . . . , N
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products but only every adjacent pair of countries [j, j + 1] shares Nj products together.

The situation has been depicted below.

Figure 11: An Overlapping Chain of Product Lists Across Countries

Proposition: The PPP exchange rates computed for the above problem using the country

product dummy method (CPD) and chaining across a spanning tree with the countries

ordered numerically are equal.

Proof : Let pij be the price of the i-th product in the j-th country, Pi, the log of world

average price for the i-th product and πj the j-th countrys log PPP exchange rate. Then

we can write the CPD model as

lnpij = Pi + πj + εij i = 1, ...., N j = 1, ...,M (38)

Without loss of generality, consider the M-th country as the base (which implies
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πm = 0). Rao and Hajargasht (2016) have shown that the least square estimate for

P = [P1, ..., PN ]′ and π = [π1, ..., πM−1]
′ can be obtained as[

P̂

π̂

]
= (R’WR)−1R′Wlnp

where R′ =

[
i′
⊗

IN

IM
⊗

i′M

]
, W = Diag(dij) is an MN by MN matrix with dij equal to 1 if

i-th product is priced in country j, and equal to 0 otherwise. Rao and Hajargasht (2016)

also show that

R′WR =



M1 0 0 . . . 0 d1,1 . . . d1,M−1

0 M2 0 . . . 0 d2,1 . . . d2,M−1

0 0 0 . . . MN dN,1 . . . dN,M−1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

d1,1 . . . dN,1 N1 0 . . . 0

d1,2 . . . dN,2 0 N2 . . . 0

d1,M−1 . . . dN,M−1 0 . . . NM−1


Using the formula for the inverse of partitioned matrices it can be shown that

(R′WR)−1 =

[
D−11 −AD−12

−D−12 A′ D−12

]

where D1 = Diag(M1)− [ΣM−1
k=1

di,kdh,k
Nk

], D2 = Diag(M1)− [ΣN
k=1

dk,jdk,l
Mk

]

R′WP =



lnp11 + lnp21
...
...

ΣN1
i=1lnpi1

ΣN1
i=1lnpi2 + ΣN2

i=1lnpi3
...

Σ
NM−2

i=1 lnpiM−1 + Σ
NM−1

i=1 lnpiM


Define Gjk = 1

Njk
Σ
Nj

i=1ln(
pij
pik

) as the geometric index of country j with respect to country

k where Nj,k is the number of commodities in common between the two countries. Using
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some tedious algebra it can be shown that for the CPD model

π̂1 = ΣM−1
j=1 Gj,j+1 π̂2 = ΣM−1

j=2 Gj,j+1 ..... π̂M−1 = GM−1,M (39)

Note that given the way we have set-up the countries, the only possible spanning tree is

by connecting countries 1 to 2 to 3 . . . to M −1 to M and therefore based on the spanning

tree method we also have

π̂1 = ΣM−1
j=1 Gj,j+1 π̂2 = ΣM−1

j=2 Gj,j+1 ..... π̂M−1 = GM−1,M (40)

which proves that the indexes obtained through CPD and the spanning tree are equal for

this problem indicating that the CPD method also uses chaining while computing indexes

for countries that do not have products in common.

Appendix D: Purchasing Power Parity (PPP) Exchange Rates

and Real Incomes

To be included in next draft.
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